Galois deformations and arithmetic geometry of Shimura
varieties
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Abstract. Shimura varieties are arithmetic quotients of locally symmetric spaces which are
canonically defined over number fields. In this article, we discuss recent developments on
the reciprocity law realized on cohomology groups of Shimura varieties which relate Galois
representations and automorphic representations.

Focus is put on the control of ¢-adic families of Galois representations by £-adic families of
automorphic representations. Arithmetic geometrical ideas and methods on Shimura varieties
are used for this purpose. A geometrical realization of the Jacquet-Langlands correspondence
is discussed as an example.
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1. Introduction

For a reductive group G over Q and a homogeneous space X under G (R) (we assume
that the stabilizer K , is a maximal compact subgroup modulo center), the associated
modular variety is defined by

Mk (G, X) = GAQ\GAf) x X/K.

Here Ay = ]_[;7 prime Qp (the restricted product) is the ring of finite adeles of Q, and K
is a compact open subgroup of G(Ay).

Mk (G, X) has finitely many connected components, and any connected compo-
nent is an arithmetic quotient of a Riemannian symmetric space. It is very important
to view {Mk} KCG(Ap) @S a projective system as K varies, and hence as a tower of

varieties. The projective limit

MG, X) = lim Mg(G, X)
KCG(Ay)

admits a right G (A f)-action, which reveals a hidden symmetry of this tower. At each
finite level, the symmetry gives rise to Hecke correspondences. For two compact open
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subgroups K, K" C G(Ay) and g € G(Ay), g defines a correspondence [K'gK ]: the
first projection Mg n,-1g, — Mk, and the second is the projection My o151, —>
Mg—lK/g ~ M[(/.

The Betti cohomology group Hz (Mg (G, X), Q) admits the action of the Hecke
algebra H(G(Ay), K)q, the convolution algebra formed by the compactly supported
Q-valued K -biinvariant functions on G (Ar). The characteristic function yggx of a
double coset KgK acts as correspondence [K g™ K.

When all connected components of X are hermitian symmetric spaces, we call
Mg (G, X) a Shimura variety and denote it by Shx (G, X). The arithmetic theory was
begun by Shimura, and developed in his series of articles (cf. [44], [45], [47], [48]).

Shimura varieties have the following special features':

* They are quasi-projective algebraic varieties over C (and smooth when K is
small enough).

* They are canonically defined over the number field E(G, X) (Shimura’s theory
of canonical models). E(G, X) is called the reflex field. For a field extension
E’ of E, Sh(G, X) g’ denotes this model as defined over E’.

Shimura established the existence of canonical models when they are moduli spaces
of abelian varieties with PEL structure [48], and even in some cases which are not
moduli spaces of motives (exotic models, see [47])%. The functoriality of the canonical
models is Shimura’s answer to Hilbert’s 12th problem (explicit construction of class
fields).

In the case of Shimura varieties, Sh(G, X)g = LancG(A_f) Shg (G, X) g is canoni-

cally defined over E = E(G, X), which yields more symmetries than other modular
varieties. The Galois group Gp = Gal(E/E) acts on the tower>, and hence the
symmetry group is enlarged to Gg x G(Ay). This symmetry acts on £-adic étale
cohomology groups H instead of the Betti cohomology Hy. The decomposition
of the cohomology groups as Galois—Hecke bimodules is the non-abelian reciprocity
law for Shimura varieties.

Aside from Shimura varieties, let us mention one more case which plays a very
important role in the p-adic study of automorphic forms. When G is Q-compact
and X is a point, Hida noticed the arithmetic importance of M (G, X) [21], though it
is not a Shimura variety in general. These are called Hida varieties. Hida varieties
are zero-dimensional, but the action of G(Ay) is quite non-trivial.

2. Non-abelian class field theory

We make the reciprocity law more explicit. Let ¢(G) be the complex dimension
of Sh(G, X). The ¢-adic intersection cohomology group I HZ (Shg (G, X)E) =

IWe assume that (G, X) satisfies Deligne’s axioms [11], [12] for non-connected Shimura varieties.
2The general solution is due to Borovoi and Milne.
3In the following, for a field F, the absolute Galois group Gal(F/F) of F is denoted by G .
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I HZ (Sh(G, X)min,E’ Qy) of the minimal compactification Sh(G, X)min, E 18 pure in
each degree, and the most interesting part lies in the middle degree / Hgt(G). In gen-
eral, the decomposition of / H* is understood by Arthur packets, by granting Arthur’s
celebrated conjectures on local and global representations of reductive groups*. See
[32] for a conjectural description in the general case.

Let us take a simple (but still deep) example. For a totally real number field F of
degree g, let Ir = {t: F — R} be the set of all real embeddings (regarded as the set
of infinite places of F'). One chooses a quaternion algebra D central over F* which is
split at one ¢y € Ir and ramifies at the other infinite places.

Gp = Resp/pD™ is the Weil restriction of the multiplicative group of D, and
Xp = IP’(%: \IP’]%g = C\Ris the Poincaré double half plane. The resulting Sh(Gp, Xp) is
a system of algebraic curves, namely the modular curve for D = M>(Q) and Shimura
curves for the other cases, which has a canonical model over F = E(Gp, Xp).

We fix a field isomorphism Q; ~ C. The decomposition of [ Hélt asa Gp x
H(G(Ay), K)-module is given by

IHélt(ShK(GDa Xp)5) = ®reappr ® 71’;(.

Here A p is the set of irreducible cuspidal representations 1 = ¢ ®7 o of G p(A) such
that the infinite part o, is cohomological for the trivial coefficient and the Jacquet—
Langlands correspondent J L(7r) on GL2(AF) is cuspidals. pr: G — GLy (@4) is
the ¢-adic Galois representation attached to w which has the same L-function as 7.
The identity

L(S, /O7T) = L(S,]T, St)

holds, where L(s, py) is the Artin—Hasse—Weil L-function of p;, and L(s, m, st) is
the standard Hecke L-function of 7. This identity (or rather identities between their
local factors) is the non-abelian reciprocity law realized on 1 Hé]t. The modular curve
case is due to Eichler and Shimura. The Shimura curve case is due to Shimura [47],
Ohta [35] and Carayol [5]. Itfits into the general representation theoretical framework
due to Langlands. The Langlands correspondence is a standard form of non-abelian
class field theory which predicts a correspondence between Galois and automorphic
representations.

In the following, we discuss the relationship between £-adic families of Galois
representations and £-adic families of automorphic representations (with applications
to the Langlands correspondence as Wiles did for elliptic curves over Q in his fun-
damental work [57]). We show how arithmetic geometrical ideas and methods on

Shimura varieties are effectively used for this purpose®.

It is more natural (and sometimes more convenient because of vanishing theorems known in harmonic
analysis) to introduce coefficient sheaves attached to representations of G.

5The finite part ¢ of 7 is defined over Qg via identification Qp ~ C.

6Though the viewpoint of motives is extremely important, an emphasis is put on Galois representations in
this article.



350 Kazuhiro Fujiwara
3. Galois deformations and nearly ordinary Hecke algebras for GL,

In this section F denotes a totally real field, and I is as in §2. Fix an £-adic field E;,
with integer ring o, and the maximal ideal A.

By Ir ¢ we mean the set of all field embeddings F — Q. 1 F.¢ 18 canonically
identified with [ [,, 7F,, where Fy is the local field at v, and I, is the set of all
continuous embeddings F, — @[. IF ¢ is identified with /r by the isomorphism
Q¢ = C chosen in §2.

Let X be a set of finite places which contains all places dividing £. Let Gy denote
Gal(Fy/F), where Fy is the maximal Galois extension of F which is unramified
outside X.

For G = GL,, r, Hida has produced a very big Hecke algebra in [22] by the method
of cohomological £-adic interpolation’. Let .‘)C%Z] be the maximal pro-£ abelian quotient
of Gy and .')lec be the pro-¢ completion of va o). A pair ((k,)e1,, w) consisting
of an integer vector (k,),cs and an integer w is called discrete type if k, = w mod 2
and k, > 2 forall «t € Ir. A continuous character y : x§ X IXILOC — @; is algebraic
of type ((k,).e1,, w) if the quotient X/(Xc;(lﬁe Tloje [eers, th‘_z) is of finite order.
Here xcycle is the cyclotomic character, and y, is the £-adic character o} — @2(
defined via the embedding ¢.

Then a nearly ordinary Hecke algebra T is a finite local o), [[9(,’%1 X X}v,oc]]—algebra
having the following properties:

* Ty is generated by the standard Hecke operators at all finite places.

* Takean £-adic integerring 0} ,. Foran 0 -algebrahomomorphism f: Ts — of,
such that the induced 0, -homomorphism 0;‘[[96“;21 X XIZOC]] — 0;, defines an
algebraic character of discrete type ((k,),cs,, w), there is a cuspidal GL»(AF)
representation 7 which is defined by a holomorphic Hilbert cusp form of type

((kt)LGIF ,w).

* Any cuspidal representations obtained by specializations as above are nearly
ordinary, that is, the action of standard Hecke operators at v|{ are £-adic units.

» Ty is the biggest 0, -algebra with the above properties. Ty is the universal ring
which connects all nearly ordinary cuspidal representations.

Assume that for some 7 appearing from Ty by a specialization, the mod A-
reduction p, of p, is absolutely irreducible. Then there is a Galois representation
p1s : Gy — GL(Tx) which interpolates o ’s for various 7 £-adically (see [56] for
the ordinary Hecke algebra: the method of pseudo-representation of Wiles). The local
representation pry |G, for v|¢ is nearly ordinary, that is, it has an expression

~ [ X1, *
pTzlGFv — < OU X2 v)

"This method was found by Shimura in [46] in the late 1960s.
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for some local characters ; ,: GF,

v

— Ty (i = 1,2) which are made explicit by the

universal character of Xi,oc. Also detpry | el is the universal character of ngl twisted
1 b

by chcle’

Next we introduce the deformation-theoretical viewpoint due to Mazur. Let Ry, be
the universal nearly ordinary deformation ring of p. We put the nearly ordinary con-
dition at v|¢£ and no restrictions at other v € X. There is a canonical ring homorphism
Ry — Ty which is surjective (one recovers standard Hecke operators from o7y ).

Theorem 3.1. Assume the following conditions:
1. Lis odd, and p|F ) is absolutely irreducible®.

2. ,5|2F is either indecomposable, or is a sum of distinct characters for v|€
v
(G F,-distinguished).

Then the nearly ordinary Hecke algebra Ty, is a finite o), [[9(,“%21 X X%"C]]—ﬂat algebra of
complete intersection and is isomorphic to the universal nearly ordinary deformation
ring Ry.

When F = Q, this is a fundamental result of Wiles [57] supplemented by his
collaboration with Taylor [55]°. For general F, this result is due to the author and is
a special case of [18]. For a precise construction of Ty, at a finite level, see [18]. The
above version of the theorem follows easily from it.

So Hida’s theory of nearly ordinary Hecke algebras for GL;_ r is almost completed
when the residual representation is absolutely irreducible.

We discuss some applications of the theorem. The first application is to the mod-
ularity of Galois representations!C. The following theorem, which is a partial contri-
bution to the modularity of elliptic curves over F (the Taniyama—Shimura conjecture)
is an example:

Theorem 3.2. Let E be an elliptic curve over F, and let pg ¢ be the associated Galois
representation on the Tate module T;(E). Assume the following conditions:

1. 3 splits completely in F.

2. pg3 mod 3 remains absolutely irreducible over F({3).

3. E is semi-stable at all v|3 and ordinary if it admits a good reduction.
Then there is a cuspidal representation g of infinity type ((2, ..., 2), —2) such that

PE.¢ IS isomorphic to pr, over Qg for any €. In particular L(E,s) = L(s, g, st)
holds for the Hasse—Weil L-function L(E, s) of E.

8There is an exceptional case when £ = 5 and [F(¢5) : F] = 2 which is not treated in [18]. This case will be
discussed on another occasion.

9Also with a supplement by Diamond [13] to treat some exceptional local representations.

100pe may apply the solvable base change technique to know the modularity, so only a weaker form of
Theorem 3.1 is needed. Usually [F : Q] becomes even after a base change, so the Mazur principle in the even
degree case [17] is indispensable for this approach.
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One can use other division points (5-division points, for example) to establish
similar modularity results.

By the solvable base change technique, one can also deduce a quite interesting re-
sultfor GL @. See the work of Khare and Wintenberger [30], [28] for such directions.
In particular Khare proves Serre’s conjecture for mod ¢ level 1 forms of Q.

The second application is in Iwasawa theory, especially the Selmer group for
the symmetric square of GL,-representations [23]. Here we need the full form of
Theorem 3.1. This theorem is also effective in solving classical problems. See [24]
for such an example (Eichler’s integral basis problem).

To establish Theorem 3.1, what we shall do is something like proving Weber’s
theorem (all abelian extensions of Q are cyclotomic). In our case we already have
some tower of Galois extensions which is explicitly described by automorphic forms
via the reciprocity law, and we would like to know that it exhausts all extensions
which satisfy reasonable conditions.

Let us list the main ingredients in the proof of Theorem 3.1, which are now
standard. It consists of 4 steps:

 1st step. Level and weight optimization. Define some minimal Hecke algebra
Tmin- It is necessary to find a minimal ¥ with more restrictive minimality
conditions.

* 2nd step. Compatibility of local and global Langlands correspondences. De-
fine the Galois representation p7,,,: GF — GL2(Twin), and determine the

local behaviour of pr, , namely local restrictions o7, |G, -

* 3rd step. R = T in the minimal case. Define the minimal deformation ring
Ruin and show that Ryin =~ Tiin-

* 4th step. Reduction to the minimal case. Show Ry =~ Ty by reducing it to the
minimal case (raising the level).

The basic strategy for the third and fourth steps exists for general modular varieties
M (G, X), and will be discussed in the next two sections.

The first step applied to GL; g is Serre’s e-conjecture on the optimization of level
and weights for modular GL, (F¢)-representations. This is proved in a series of works.
See [40] for the related references. For general GL; r, outside £, the optimization
of the level is completely understood; see [26], [27], [17] for the ramified case and
the Mazur principle, [36] for the Ribet type theorem [39]. These results are enough
to prove Theorem 3.1 in the nearly ordinary case. However, optimization of level
and weight at v|¢ is still insufficient for further progress!'!. The solvable base change
technique in [50] is useful for modularity questions.

For the second step, one first constructs pry, by an £-adic interpolation from var-
ious p;’s which appear from Shimura curves by Wiles’ method of pseudo-represen-
tations [56].

YN very naive version of Serre’s e-conjecture is false for F # Q for trivial reasons (one can not attain a
conductor which is prime to £ in general). Diamond has formulated a refined conjecture and is making progress.
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For GLa, F, prlGp, for v 1 £ depends only on the v-component 7, of T = ®4,7y,
and is obtained by the local Langlands correspondence for GL; r, [5], [52]. For
v|¢, the Weil-Deligne representation attached to the potentially stable representation
pr |G, 1s compatible with 7, when p, comes from Shimura curves [41], [42]. How-
ever, this information is too weak to determine pr |G, - For example, information on
the Hodge filtration is lacking. Breuil has formulated a p-adic version of the local
Langlands correspondence [2].

For general Shimura varieties, this requires a detailed study of bad reductions.
For n-dimensional representations as defined by Clozel [9], compatibility outside ¢
is established. (See [20] for the semi-simplification case, and see Taylor and Yoshida
[54] for the general case).

For v|¢, p-adic Hodge theory is the basic tool at present, especially for general
Shimura varieties.

Remark 3.3. 1. One may allow finite flat deformations at v|¢ when F), is absolutely
unramified [18]. Kisin has developed a local theory for finite flat deformation which
allows ramification when the residue field at v is Fy, with an application to modularity
theorems [31].

2. In the case of QQ, Ramakrishna and Khare [29] have found an interesting
method without any reduction to the minimal case via use of special deformations,
that is, by adding Steinberg type conditions at several auxiliary primes'2. Moreover,
Ramakrishna has studied various Galois deformations over (Q, which may not be
modular a priori, .

When p is absolutely reducible, Ty is used to prove Iwasawa’s main conjecture
for class characters of totally real fields. Skinner and Wiles [49], [51] have obtained a
modularity result even in the absolutely reducible case, by showing partial results on
the relationship between the versal hull of Ry, and T, using many ideas and techniques
including Taylor—Wiles systems.

4. Taylor—Wiles systems: the formalism

In [55], Taylor and Wiles have invented a marvelous argument to show a nice ring
theoretical property of Tiin: Tmin 1S @ complete intersection in the case of modular
curves. This property may seem technical at first glance, but has the very deep
implication that Ry, is Tmin in the case they considered. The original argument
by Taylor and Wiles has been improved by now; Faltings suggested the direct use
of deformation rings rather than Hecke algebras, and the further refinement we now
describe is due to Diamond [14] and myself.

For a number field F, let |F|; be the set of finite places of F. g, denotes the
cardinality of the residue field k(v) for v € |F|y.

127 freeness assertion is necessary for this approach. Using this assertion, one can compute congruence
modules to come back to unrestricted deformations. Technical assumptions are made on p in [29].
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Let k; be the residue field of 0,.

Definition 4.1. Let H be a torus over F of relative dimension d, and let X be a
set of finite subsets of |F|; that contains ). Let R be a complete noetherian local
0,-algebra with the residue field k;, and M an R-module which is finitely generated
as an oy-module. A Taylor—Wiles system {Rg, Mgp}pex for (R, M) consists of the
following data:

e For Q € Xandv € Q, H is split at v, and g, = 1 mod ¢£. We denote
the £-Sylow subgroup of H (k(v)) by Ay, and Ay is defined as HUGQ A, for
0eX.

* For Q € X, Ry is acomplete noetherian local 0 [A g ]-algebra with the residue
field k;, and M is an Rp-module. For Q = 0, (Ryg, My) = (R, M).

» There is a surjection of local 0, -algebras
RQ / 1 0 R 0o — R

for each non-empty Q € X 13 Here Igp C 0;[Ag] denotes the augmentation
ideal of 0x[Ag].

* The homomorphism Rp/IgRgp — End,, Mo /IpM factors through R, and
Mg /IgMg is isomorphic to M as an R-module.

* Mg is free and of rank « as an 0, [A g]-module for a fixed o > 1.

In [55], the condition that Ry is Gorenstein and Mg is a free Rp-module is
required.

Taylor—Wiles systems are commutative ring theoretic versions of Kolyvagin’s
Euler systems. The following theorem is the most important consequence of the
existence of Taylor—Wiles systems.

Theorem 4.2 (Complete intersection and freeness criterion). For a Taylor—Wiles sys-
tem {Rg, Mo}oex for (R, M) and a torus H of dimension d, assume the following
conditions:

1. Foranym € N
veQ=qg,=1 mod "

holds for infinitely many Q € X.
2. The cardinality r of Q is independent of Q € X for non-empty Q.

3. Ry is generated by at most dr elements as a complete local oy-algebra for
non-empty Q € X.

3For deformation rings, Rg/IgRp =~ R usually holds. The condition here is relaxed so that it applies to
Hecke algebras directly.
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Then one has:

* (complete intersection property) R is o) -flat and of relative complete intersec-
tion of dimension zero;

* (freeness) M is a free R-module.

In particular, M is a faithful R-module. If we denote the image of R in End,, M
by T, we have R >~ T as a consequence of Theorem 4.2. So the complete inter-
section and the freeness criterion is also regarded as an isomorphism criterion. The
Auslander-Buchsbaum formula for regular local rings plays a very important role in
the proof of the theorem.

The reason why we have the complete intersection property is the following.
When Q and N vary, a well chosen limit of Rgp/ mgQ tends to be a power series

ring over o0;, in dr variables'*. This is implied by condition (3) of 4.2. Usually
R = Ry /IpRp holds, thus R is defined by d - 10 = dr equations in R, and hence
it is a complete intersection in the limit.

If the complete intersection property and freeness both hold, then this pair of
properties is inherited by descendants of (R, M). This is formulated in the following
way.

Definition 4.3. 1. An admissible quintet is a quintet (R, T, w, M, {, )), where Risa
complete local 0, -algebra, T is a finite flat 0, -algebra, m: R — T is a surjective 0, -
algebra homomorphism, M is a faithful finitely generated 7-module which is o, -free,
and (, ): M ®,, M — o0, is a perfect pairing which induces M >~ Hom,, (M, 0;)
as a T-module.

2. An admissible quintet (R, T, w, M, {, )) is distinguished if R is a complete
intersection and M is R-free (and hence 7 is an isomorphism).

3. By an admissible morphism from (R', T', 7/, M’, {, Y)to (R, T, 7, M, {, ))
we mean a triple (o, 8,£). Here a: R" — R, B: T’ — T are surjective o, -algebra
homomorphisms making the following diagram

R —% 5 R

4l

T —— T

commutative, and & : M < M’ is an injective 7’-homomorphism onto an o, -direct
summand. (Note that we do not assume the restriction of {, ) to E(M)is {, ).)

A Taylor—Wiles system gives rise to a distinguished admissible quintet for a suit-
ably chosen pairing on M under the conditions of Theorem 4.2.

141, applications, R is a deformation ring. This implies that the deformation functor which defines Rp
behaves as if it were unobstructed for a well-chosen limit of Q.
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Assume that (, 8, &) is an admissible morphism from (R', T', =, M’, {, )’) to
(R, T,7, M, {, )). There is an abstract criterion for (R’, T’, 7', M’, { , )') to be a
distinguished quintet if (R, T, w, M, {, )) is distinguished.

By duality we have

£: M' ~ Hom,, (M, 0;) — Hom,, (M, 0;) ~ M
such that .
((x), y) =(x, &(y)) forallx e M, y e M,
We fix an 0, -algebra homomorphism fr: T — o0,. We define fr (resp. f/) as
from (resp. fopBon’).

Theorem 4.4 (abstract level raising formalism). For an admissible morphism between
admissible quintets (R', T, 7', M',{, Y) — (R, T,n, M, {, )), we assume the
following conditions:

1. (R, T,m, M, (,)) is distinguished.

2. T and T' are reduced, M’ ®,, E) is T' ®,, Ej-free, and its rank is the same
as the rank of M over T.

3. § o &(M) = A - M holds for some non-zero divisor A in T.

4. An inequality

length,,, ker fg//(ker fR/)2
< length,, ker fr/(ker fg)* + length, 03/ fr(A)o;

holds.

Then (R',T',n’,M’, (, ) is also distinguished, that is, R' >~ T’, R is a complete
intersection, and M’ is T’ -free.

A generalization of Wiles’ isomorphism criterion in [57] by Lenstra is used in the
proof. Though the main two theorems in this section are a consequence of the general
commutative algebra machinery, they are extremely deep. In the next section, we will
see how modular varieties should yield the setup formulated in this section.

Remark 4.5. 1. The idea of an admissible quintet first appeared in the work of Ribet
in [38]. M/£ o £(M) is the congruence module.

2. The o, -direct summand property in Definition 4.3, (3) is an abstract form of
what is known as “lhara’s Lemma”.

3. ker fr/(ker fg)? is regarded as a Selmer group. When R is a complete inter-
section, its 0, -length is computed and equal to length,, 0 /nr. Here ng is the ideal

generated by the image of 1 under o;, f—R> Homy, (R, 0;) ~ R f—R> 0, as introduced
by Wiles in [57]. Note that the finiteness of the Selmer group is a consequence of the
reducedness of 7' (Taylor—Wiles systems do not give finiteness directly).
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5. Taylor—Wiles systems: a strategy for the construction

Take a pair (G, X) which defines a modular variety, and take a finite dimensional
representation v: G — Autg, Vg, defined over E;. For simplicity, we assume that G
is quasi-split over Q. v defines a G (A y)-equivariant local system ¥, on M (G, X) 15
which yields a family of local systems }‘VK on Mg (G, X) ateachlevel K. By choosing
an o0, -lattice in Vg, , FX has an o,-structure J—‘”fm. We limit ourselves to the adelic
action and the Hecke algebra action which respect the integral structure. Let X be a
finite set of primes containing ¢, and for a factorizable K = [ | ¢ Kq» Kz and K % are
defined by K5 = [, cx Kg K* =105 Kq-

For simplicity, we only consider Hecke operators outside 16 g (G(A?), K* Doy,
is the Hecke algebra formed by o,-valued functions on the adele group without
components in X. Let us begin with a remark on homological algebras:
RTp(Mk (G, X), }'fm) belongs to D+(H(G(Af2), K¥),,), the derived category of
H (G(A?), K 2),,A—complexes bounded from below. This is shown by taking the

canonical flasque resolution of ?VI;A.
Assume that K, is maximal and hyperspecial forg ¢ ¥. Then H(G (AJ?), K* o, =
Rqes H(G(Qy), Ky)o, is commutative. Let my denote a maximal ideal of

H (G(A}:), K E)0)\. Throughout this section we make the following assumption:

Assumption 5.1 (Vanishing of cohomology for F¢-coefficients). For any (sufficiently
small) K,
Hp(M(G, X)k, 75, ®, ki)my =0

fori # q(G).

This type of vanishing statement is known over E; when the weight of v is suf-
ficiently regular, but for torsion coefficients it is difficult to prove a vanishing state-
ment!”. Moreover, we need to have a vanishing claim which holds uniformly in K .

Let My = Hg(G) MG, X))k, ffox)mz be the localization of the middle dimen-
sional cohomology group at mx '8. By Assumption 5.1, it is o, -free.

Ts is defined as the image of H(G(A?), KE)O.A in My. We call it the ¢-adic
Hecke algebra.

When M (G, X) is a Shimura variety Sh(G, X) with reflex field E, we further
assume, by using the étale cohomology, that a reciprocity law of the following form
for (Sh(G, X), v) holds:

Ms ®o, @[ it EBT[EH,] Vo ® (ﬂ;()u(n)‘

I5For the center Z(G) of G, the image of Z(G)(Q) N K by v must be trivial for some K.

16We also need Hecke actions at X. At £, one should use a semi-subgroup G (Qy)+ of G(Qg) because the full
action of G(Qy) does not preserve the lattice structure in general.

17 fact, there are non-zero torsion classes in general unless one puts restrictive conditions on my;.

18 Further localizations by elements in H(G(Ay), Kx) are necessary.
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Here LG is the L-group of G, 1, is a packet which corresponds to p: Gg —
LG (Qy) and is cohomological for v 1°. V, is a G g-representation defined by a finite
dimensional representation of “G determined by v. We try to construct a Taylor-Wiles
system for (T, My).

As is suggested in the introduction, a modular variety for a given level K does
not admit a symmetry by a group. To have a group action, we must use an open
subgroup of G (Ay) which is smaller than K. Take a Q-parabolic subgroup P of G,
and a quotient torus H of P which is disjoint from the center Z(G), that is, the image
of Z(G) in H is trivial. It is very important to have a torus which is disjoint from the
center: this gives us a geometric direction, which, in the case of Shimura varieties,
cannot be obtained from abelian extensions of the reflex field. This feature is quite
different from Euler systems.

For a prime ¢, let Kp, = {g € G(Zy), gmodg € P(F,)} be a parahoric
subgroup at ¢ defined by P,andlet Kp 4 = {g € Kp 4, g mod g € ker(P(Fy) —
H (Fq)é)} be a subgroup depending on H. Here H (IE‘q)‘Z is the maximal subgroup
whose order is prime to £. Then Kp ,/Kp p 4 is isomorphic to A, the £-Sylow
subgroup of H (F,).

For a finite set of finite primes Q which is disjoint from X, one sets

Kp o= 1_[ Kpg-K2,

qeQ
Kp g o= 1_[ KpHyqg- K©,
q€Q
and Ap =] qe0 Dq- Since H is disjoint from the center, the natural covering

Q- ShKP,H,Q — Sth_Q
is an étale Galois covering with Galois group Ag if K € is small enough to make
group actions free. We view RI'p(Shk, , , }‘vli,};’H’Q) as an object in
by
DY (H(G(AFY?), K*99),,).
Then we make the following simple observation (perfect complex argument):

Lemma 5.2. Let m: X — Y be an étale Galois covering between finite dimen-
sional manifolds®® with Galois group G. Let ¥ be a smooth A-sheaf on Y. Then
RTUp(X, n*F) is represented by a perfect complex of A[Gl-modules, and

RT (X, 7*F) ®f ) AlG1/Ig ~ RTp(Y, F)

holds in Db(A[G]). Here I is the augmentation ideal of A[G], and the map is
induced by the trace map.

19We are ignoring the role of characters of centralizer groups, endoscopy, and so on. See [32] for a precise
conjectural description. Moreover, we only have information on the semi-simplification V;S.

20These manifolds must satisfy reasonable finiteness conditions on cohomology groups, which are true for the
algebraic varieties or modular varieties that we are interested in.
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By Lemma 5.2, we know that RT'g(Shg, ;; ,. FPHCY is in DP(0;[A)), a
perfect complex of 0,[Ag]-modules, that is, it is quasi-isomorphic to a bounded
complex of free 0, [A g]-modules. We assume 5.1 holds and localize at the maximal

ideal m g of H(G(Afz-UQ), KEUQ)U.A below my. Then

G ~Kp.H,
MQ = HZ’( )(Sth,H_Q7 fl),OI;HQ)mQ

is 0, [ A g]-free since itis the only non-zero cohomology of a perfect 0y [ A g ]-complex.
G ~Kp,
Then Mg ®o,(a,101[A01/In, = Mo,o. Here Mo g = Hi @ (Sh, oy For Omg-

We define Ty as the image of H(G(A?UQ), K*Y9), in End,, Mg. Then the
expectation is that My ¢ is a direct sum of M for a good choice of Q, and that
(To, M) forms a Taylor—Wiles system for (Ts, Myx) as Q varies. Hence, a system
for deformation rings will be obtained for appropriate choices of deformation functors.

To relate Mo ¢ to the original My, we already need information from the Ga-
lois parameter for the Langlands (or Arthur) packets for automorphic forms which
contributes to My, o, since we need to remove non-spherical components from Mg .
Some version of the compatibility of local and global parametrizations is needed.

This program for constructing a Taylor—Wiles system, and in particular for com-
bining the perfect complex argument and the vanishing assumption 5.1 to obtain a
system, was made explicit and carried out in two special cases in [18]. One case is
when (G, X) defines a Shimura curve, that is, G = G p as in §3. The Hecke actions
on Hg and H123 are easily determined for Shimura curves, and Assumption 5.1 is true
if we localize at the maximal ideals of Hecke algebras which correspond to absolutely
irreducible two dimensional representations. In another case, Hida varieties are used
to treat some situations which do not arise from Shimura curves.

In general, the program is very effective when G defines Hida varieties, since
the vanishing assumption is trivially true. To study non-abelian class field theory,
especially the question of modularity, or deformations of absolutely irreducible rep-
resentations, this case is quite useful, since one can apply the Jacquet—Langlands
correspondence for inner forms (assuming that it is already known) to convert the
problem to a compact inner form. For unitary groups, this approach was taken by
Harris and Taylor, showing the R = T theorem for the n-dimensional representations
of CM fields constructed by Clozel [9] under several restrictive assumptions. Arith-
metic geometrical difficulties are all encoded in the compatibility of local and global
Langlands correspondences outside £ and in the description of local monodromy at £.

Unfortunately, Hida varieties do not admit any natural Galois action. Since one
needs to have finer information coming from geometry, it is still an important problem
to construct Taylor—Wiles systems for higher dimensional Shimura varieties.

There are several possible solutions. One solution would be to establish Assump-
tion 5.1, that is, a vanishing theorem for Fy-coefficients. A partial solution will be
given in the sequel for unitary groups with signature (m, 1) by using a geometrical
realization of the Jacquet—Langlands correspondence. As far as the author knows,
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these unitary Shimura varieties are the only examples where the program is carried
out for the middle dimensional cohomology in arbitrary higher dimensions.

For other approaches in the case of Siegel modular varieties using p-adic Hodge
theory, see [34]. A Taylor—Wiles system for the Hilbert—Siegel case, especially
G Spy @, has been studied by Tilouine.

Another possible solution would be to avoid the use of vanishing theorems. We
have enough information about the alternating sum of cohomology groups, so in work-
ing with a suitable Ko-group of virtual Galois—Hecke bimodules instead of Galois—
Hecke bimodules, Taylor—Wiles systems might work for virtual representations.

Remark 5.3. The perfect complex argument is simple but very powerful in the coho-
mological study of congruences between automorphic forms. There are several other
uses of the perfect complex argument.

One example would be the construction of nearly ordinary Hecke algebra for GL,
with an exact control theorem.

In particular for the nearly ordinary Hecke algebra Ty, there is a faithful Tx-
module My with the following properties:

« My is free over A = 0, [[X2 x aclocy).

* Take an algebraic character y: A — O,N of discrete type ((k;).ecr,, w) such

- _ k=2, . .
that ¥ = X/(chg{e . Hvlé ]_[Leva x.* ) is of order prime to £. Ms ® x 0],
is a lattice in the space of nearly ordinary forms of type ((k,).cr,, w) with
“nebencharacter” ¥. Moreover, when the degree [F : Q] is even®!, it is exactly

the image of Hg (Mg, FX , ). Here Mk is a Hida variety associated
((kt)lE[st)so)L/
to a definite quaternion algebra, and F X , is a smooth of,-sheaf on

((kL)LEIF 5 w)vo)\/
Mg (Ef' [17]) which realizes the reciprocity law for forms of type ((k,).c1, w)
over Q.

Another example would be the level optimization for GL; in a special case, which
gives an interpretation of Carayol’s lemma [7], [17].

6. Geometric Jacquet—-Langlands correspondence

We use the strategy in Section 5 for some unitary Shimura varieties where the non-
abelian reciprocity is established by Kottwitz [33], and we construct a Taylor—Wiles
system for the middle dimensional cohomology group. To do this, we establish an
explicit Jacquet-Langlands correspondence which preserves o) -lattice structures by
arithmetic geometrical means, in particular by analyzing bad reductions of Shimura
varieties. This is called a geometric Jacquet—Langlands correspondence. This first

210ne uses Shimura curves when the degree is odd.
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appeared in the level optimization problem mentioned in §3 in the case of modular
curves. This also gives an arithmetic geometrical meaning of Hida varieties.

Let us give a simple example. Let Sp x = Sh(Gp, Xp)x be a Shimura curve as
in §2. For a finite place v of F, assume that D is split at v, and v t £. Let Dbea
quaternion algebra which is definite at all infinite places, non-split at v, but has the
same local invariants as D at the other finite places. D defines a Hida variety M p,
and we have an isomorphism D* (A'j,y f) ~ DX (A'jvy f) outside v.

Assume K = ]_[u K, is factorizable, and K, is an Iwahori subgroup of GL; r,.
We set K, = ogv for a maximal order op, of Dy, and we view K = K, - ]_[u#v K,

as a subgroup of D* (AF, f).

Then we have the following geometric realization of the Jacquet-Langlands [25],
and of the Shimizu [43] correspondencezz:
Proposition 6.1. For A = E), we have a (non-canonical) isomorphism as
H(D*(A3")), K)o, -modules

WoH&(Sp.x, N) =~ H' (M3 ¢, A)

K’
modulo Eisenstein modules. Wy is the weight 0 part of the weight filtration, and
the decomposition with respect to the Hecke action gives the Jacquet—Langlands
correspondence.

Here we view the Hida variety M ¢ as a variety over k(v), and we regard it as

the set of supersingular points>>, that is, the set of points which correspond to formal
oy-modules of height 2. Since the special fiber at v of the arithmetic model of Sp x
has two kinds of components which meet at supersingular points, the claim follows
from the standard calculation of the weight filtration using the dual graph of the special
fiber?*. There is also a variant for any finite 0, -algebra A, which preserves o; -lattice
structures.

So the Jacquet-Langlands correspondence is realized on the weight filtration of
local monodromy action where the Shimura variety admits a bad reduction. This is
our starting point?>.

6.1. Arithmetic model of unitary Shimura varieties. Asin §2, F' denotes a totally
real field and [F : Q] = g. IF is the set of the embeddings ¢(: F — R. Take an
imaginary quadratic field Eg over Q, and let E = Ej - F be the composite field. Let
Gal(E/F) = (o).

Let D be a central division algebra over E of dimension n?, and let x: D — D be
a positive involution of the second kind, that is, an involution which induces o on E.

22There is also a version when D is ramified at v, which plays an essential role in [39], [36].

23This identification is non-canonical.

24The Hecke action on the set of the irreducible components is Eisenstein, and we are ignoring this part.
251t will be desirable to have a motivic correspondence over a global field.
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We require the following condition on ¢ at infinity: At one infinite place (g € IF, * is

equivalent to g > J'gJ ! with J = (1”0_l 5

), and it is equivalent to the standard
involution g +>' g for the other ¢ # .

Let U(D) = {g € D°?*, g-g* = 1p} be the unitary group. Let GU (D) = {g €
DP* g.g* =v(g) - 1p, v(g) € Gy, r} be the group of unitary similitudes, seen
as a reductive group over F.

Let G’ = Resp,qU (D) be the Weil restriction of the unitary group, and let G be

the inverse image of G,,,g by Resp,oGU (D) — Resg/oGp, F -

1> G =G> Gpg— L

We fix an embedding Eg < C. This defines a CM-type on E, and for each
t: F — R, we have identifications

E ®F,t R~ Cs D ®F,z R~ Mn((c)

It follows that
Gp=U@m—1,1)x Umn)$™!

by our choice.
Define a group homomorphism

h(): ReSC/RGm@ —> G]R

e ho@ = (57 2) 2la o 2la).

Z

The associated symmetric space
X = GOO(R)/ K

(K is the centralizer of hg(x/—1)) is a complex ball of dimension n — 1.

For a compact open subgroup K C G(Ay), the corresponding Shimura variety
Shg (G, X) is compact by our assumption on D, and the reflex field E(G, X) is E.
We view Shg (G, X) as a generalization of Shimura curves. The determination of
the reciprocity law is due to Kottwitz [33], and the bad reductions have been studied
especially by Rapoport and Zink [37], Harris, and Taylor [20].

The moduli interpretation of these varieties is given by Shimura. We need arith-
metic models over the integers, so we consider it over og ®z, Zj, by fixing a prime p.
The details are found in [20]. To avoid technical problems which arise from obstruc-
tions to the Hasse principle for G, we assume that n is odd in this exposition.

We fix a finite place w of the reflex field E of residual characteristic p. Assume p
splits completely in Eg, and let ¢ be the place of Ey below w. Py, is the set of places
of E which divide .

Since p is split in Eg, the unitary group has a simpler form, and we have an
isomorphism

GQP ~ Gm,@,, X l_[ RCSEM/QPDEPX.

uePy
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In the following, we only consider compact open subgroups K, of G(Q,) which are
of the form Z; . HuePp K, for K, C D°°*(E,). We assume moreover that D is split

at w, and we identify the w-component with H,, = DY ~ GL, E,.

Take a maximal order op of D which is stable under *. op ®zZ,, is identified with
[Tc P, ODy X [ L. P, ODg(y- FOr u € Py, let e, denote the projector corresponding
toop,.

For an 0,,-scheme U, let A be an abelian scheme over U of relative dimension gn?>
with op-multiplication. We assume that the op-action on the relative Lie algebra
LieA/ U satisfies the following conditions:

1. Foru € P, different from w, ¢,LieA/U is zero.

2. eylieA/U is a locally free oy-module of rank n, and the oy-action on
eylieA/S is the multiplication through o, — I'(U, Op).

By condition (1), for the p-divisible group A[p*°], e, A[p°] is an étale o,-divisible
module for u € P, different from w. We denote the Tate module by 7}, (A).

We take a compact open subgroup K = K, - K” C G(Ay). We assume that
Ky, = GL,(0y) and that K7 is sufficiently small. We denote the product Z;; .
]_[uepp’u#w K, - KP by K". Then K = K,, - K" by the definition. We view D as a

left D°P-module and denote it by V 2. The integral structure is given by Vz = op.

Definition 6.2. Let U be an o,,-scheme, let A be an abelian scheme over U with
op-multiplication which satisfies the Lie algebra conditions described above, and let
p be a homogeneous polarization of A. Then (A, p) is of type (op, Vz; K) if the
following rigidification structures are attached:

1. For any point s € U, there is a polarization A € p of degree prime to p such
that A induces * on D as its Rosati involution.

2. For any geometric point s of characteristic p, a class k mod K™ of op-linear
symplectic similitudes

ke J]  Tu(A)s x TP(A)s ~ Vi @ Z7.
u€ Py, u#w
Here 1 (U, 5), the étale fundamental group, is mapped to K™.

By a standard argument, the moduli functor
U 8hg(U),

where 8hg (U) is the set of the isomorphism classes of polarized abelian schemes
of type (op, Vz; K) over U, is representable by a projective smooth scheme 84 g
over o0y, which gives a model for Shg (G, X).

26With a symplectic form which we do not make precise here.
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Let A" be the universal abelian scheme over 8hg. Then op, acts on
ewA™V[p>], and is isomorphic to M, (0,,). By Morita equivalence, this gives an
0y -divisible module G, of height n on 8k, so that ¢, AUV p>] >~ (93?".

For general K, C Hy,(E,) =~ GL,(E,), we have a flat arithmetic model 8/ g
over oy, by using the notion of level structures due to Drinfeld [15].

6.2. Inductive structure. We briefly describe an inductive structure of arithmetic
models in characteristic p. The inductive structure was first studied by Boyer in the
function field case [1]. In our unitary case it is due to Harris and Taylor in [20].

For N > 1,set Ky = Ky - K¥, Kn.w = ker(Hy(0y) — Hy(ow/mb)),
Xy = 8hky, and S = Speco,. Lets (resp. n) denote the closed (resp. generic)
point of S.

Forl <h<n, X I[f,']s is the set of points in the special fiber (X y)s of X where
the étale (resp. connected) part of G, has height n — i (resp. height #). X K,l]s is locally

[h]

closed in (X ), and the canonical filtration on X ¢

0—>e;;°““—>@w—>ef;—>0

has the property that (95} is étale locally isomorphic to (E,,/0,)" .
We consider the formal completion X h — % N X of X along X %']s. Note that
N,s ’

Hecke correspondences induce correspondences on X %].

Let Py, be the standard maximal parabolic subgroup of H,, which fixes the filtration
0Col cob.

Define y,E(}] to be the subspace of X%] where the canonical filtration of C,, [mg ]
is compatible with the filtration 0 C (m;N /ow)h - (m;N /oy)" via the universal
Drinfeld level structure (m;N o)t — Cy [mlu\f 1. Py(oy/ mlu\f ) acts naturally on y%’].

We consider the pro-systems of formal schemes

ol =1im Xy and YL = tim Y7,
N N

Note that Hy,(0y,) (resp. Py (0y))-action on xL’Z} (resp. yg’g]) is extended to Hy,(Ey,)
(resp. Pr(Ey)).
Then the canonical morphism?’
Hy(Ey) AP En Yl )

is in fact an isomorphism by a method of Boyer ([1], [20]), that is,

x([)’é] ~ Hy(Ey) APn(Ew) y([)fé]

2TFor a group G and a right (resp. left) G-space X (resp. Y), X AC Y denotes the contracted product, i.e., by
viewing Y as a right G-space, X AGY =X x Y /G, where G acts diagonally on X x Y.
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Since the space itself is “parabolically induced from P,”, then for A = Fy, we
have an isomorphism of admissible modules?®

Hy(Ey) lim HZ(Y[h] RJ'Q//(A)),

il ~
lim Hi.(X R"/f(A))—I“dPh(Eu»? NS

N5’
N

where Yl[\,h I'is the underlying scheme of y%’]. In particular for 4 < n, this im-
plies that the H,(E,)-representations occurring in proper support cohomologies
li_r)n N Hci (X%l]§, R/ ¥ (A)) are induced from admissible representations of Pp(Ey).

Admissibility follows from the finiteness of nearby cycle cohomologies.

6.3. Vanishing theorem. We take a supercuspidal representation in the sense of
Vignéras
Tw: Hy(Ey) = Aut Vg, .

Here V3, is an Fy-vector space, that is, 7y, is admissible, irreducible and cannot be
obtained by a non-trivial parabolic induction. We assume that 7Kw is non-zero. 7y
corresponds to a finite dimensional irreducible representation of H (Hy, (Ey), Ky )E.

Theorem 6.3 (Vanishing theorem for Fy-coefficients). For a finite place w of E of
residual characteristic p, assume that p is split in Eo, D is split at w, and p # .
For a compact open subgroup K = K, - K, assume moreover that K, is contained
in an Iwahori subgroup and KV is sufficiently small. Then for any oy-local system
FK on Shy corresponding to a finite dimensional representation v of G, ,, does

V,0),
K

not appear as a subquotient of Hé (Shg, F,,, ®o, ky) unlessi =n — 1.

We give a sketch of the proof. We assume quoA = 0,, since the general case is

shown similarly. Weset A = Fy. By the comparison theorem, the Betti cohomology is
canonically isomorphic to the étale cohomology. We reduce the vanishing theorem to:

Lemma 6.4 (Localization principle). For X = 8hg, the kernel and the cokernel of
the canonical map

HE (X5, A) = Hy (X5, RY(A) > HE (XU, Ry (A)] i)

= Hy X" Ry ()] )

do not admit w,, as a subquotient, that is, the supercuspidal part of the global coho-
mology is isomorphic to nearby cycle fibers at “supersingular points”.

To show the lemma, we assume that K,, = Ky ,, for simplicity29 . Fora > 1, we
denote 8h g, by X,. Note that, for 8 > o > 1, the K -invariants Hét (Xg.7, A)KW

28By using the regular base change theorem in étale cohomology to compare the algebraic and the formal
situation.
29The general case follows from the perfect complex argument. Even the assumption on K, can be weakened.
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are Hét(Xa,ﬁ, A) since Ky v/ Kg, has order prime to £. The same is true for the
nearby cycle fibers for X, and Xz as the group action is free on the generic fiber, so
it suffices to prove that the kernel and the cokernel of the homomorphism

lim Hf (Xa7. A) = lim H Xy} R (A)] )
a o ’
do not admit m,, as a subquotient. Note that both sides are admissible H,,(E)-
representations. We work modulo the Serre subcategory of admissible representations
generated by non-supercuspidal representations.

Then 6.4 follows from the result in 6.2, since the contribution of the proper support
cohomologies of nearby cycle sheaves from X %’]b for h < n is parabolically induced
from Pj,.

We go back to the proof of 6.3. Since the nearby cycle is perverse,

Riy(A)z=0 fori>n—1,
SO we get

Hi(X5,A) =0 fori>n—1

by the localization principle, modulo non-supercuspidal representations. By Poincaré
duality on X, we have the vanishing of the cohomologies of degree strictly less than
n—1, since the contragradient of a supercuspidal representation is again supercuspidal.

Remark 6.5. The method of this proof also gives a vanishing theorem for QQ;-sheaves.
The result in this case is proved by Harris [19] by using Clozel’s purity lemma and
the base change lift to D°P>,

Note that X AE”] consists of a single isogeny class preserving homogeneous polar-
ization when we assume 7 is odd for simplicity (see [37], chapter 6). It is classified
by an inner form G _ of G which is compact modulo the center at all infinite places.
G_(Qp)is Q; . ~?UPX . ]_[Meppﬁu#w D, for a division algebra 5w over E,, of in-
variant %, and G_(Aje) ~ G(A]e) holds, that is, G and G _ are locally isomorphic
except at w and ¢¢ as chosen in 6.1. Take a compact open subgroup K_ = K_ ,,- K%
of G_(Ay)withK_ ,, = o(g’x for a maximal order op, of Dy, . Then the underlying

space of X g"] is regarded as a Hida variety Mg_(G_, X_) where X _ is a point. The
key point for this identification is a theorem of Drinfeld that formal o,,-modules of
dimension one and height n are unique over an algebraically closed field and that the
endomorphism ring is isomorphic to o b, So the canonical homomorphism

H ™' (X5, &) = HG (X Ry ()] m)

connects the middle dimensional cohomologies of Shimura and Hida varieties in
characteristic p, though the sheaf R"~!y/(A)] xlnl may seem to be complicated at

first glance. But the sheaf is described, for A = Q¢, by Drinfeld’s reciprocity
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law as formulated by Carayol [6] and proved by Harris and Taylor in [20]. This
is the geometric Jacquet—-Langlands correspondence. More precisely, the geometric
Jacquet—Langlands isomorphism for G and G _.

6.4. Reciprocity law and Taylor—-Wiles systems for unitary Shimura varieties.
For an irreducible automorphic representation & of Up(AF), Clozel shows the ex-
istence of the base change lift BC(;r) to Up(Ag) >~ D°P*(Ag) [9]. For an auto-
morphic representation = of G, BC(w) = (¢, [1p) is defined as a representation of
A% x D°P*(AE) [20].

Hé (Shx (G, X), Q) is decomposed by the irreducible automorphic G (A)-repre-
sentations 7 = Ty ® o such that 7 is cohomological for the trivial coefficient. We
denote by H é (Shx (G, X), Qp)[cusp] the part where ITp corresponds to a cuspidal
representation I1gr, of GL, (Ag) by the Jacquet-Langlands correspondence’”.

We use a Galois parameter p: Gg — (GL; X GLn)(@g) attached to ¥ and
gL, ([91, [20]). We denote by P, the set of the isomorphism classes of the G (Af)-
representation } such that there is some 7 as above which has 7'[]/« as the finite part
and Galois parameter p.

Then the reciprocity law of Kottwitz, which is strengthened by Clozel, takes the
form

Hi~' (Shi, Qp)lcuspl = @rsep, Va, ® 7y,

where V2 is described by o 3

Once the reciprocity is established, we are ready to construct a Taylor—Wiles
system along the lines in §5, since we have the desired vanishing theorem in §6.
Assume that p: Gg — (GL| x GL,,)(F,) is obtained from a Galois parameter which
appear in the reciprocity law by mod £-reduction. We assume that D is split at
w 1 £ and that p|g,, defines an absolutely irreducible representation on the standard
representation of GL,,. With these assumptions, the vanishing assumption 5.1 is
satisfied by using Theorem 6.3. We take a finite set Q of finite places of E so that O
is disjoint from all ramifications, g, = 1 mod ¢, the Frobenius image p (Fr,) at u is
a regular semi-simple element for all u € Q. The compatibility of local and global
Langlands correspondences plays an important role here.

Then the identification of a deformation ring R of p and the Hecke algebra T,
as well as the freeness of the middle dimensional cohomology group M localized at
the maximal ideal of the Hecke algebra, follows in the minimal case by the standard
machinery in §4 under restrictive assumptions to define an appropriate deformation

problem and to control the tangent space>2.

30Marly technical conditions are omitted here. For example, at any place u of E, D, is either split or a division
algebra to be able to apply the global Jacquet-Langlands correspondence to D°P* (A g).

3t s conjectured that Vﬂf is an irreducible G g-representation of dimension n. It seems likely that the
assertion about the dimension is a consequence of the recent progress on the fundamental lemma by Laumon and
Ngo.

32The basic assumptions are that: p has alarge image, D is split at all places dividing £ and where p is ramified,
and there is some 7 giving p such that 7 is minimally ramified and spherical at places dividing £. More technical
conditions are needed.
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As is already mentioned in §5, Harris and Taylor already used Hida varieties
associated to unitary groups which are compact at infinity to prove R = T 33. Thus
our approach here does not give new information on the deformation ring, but it gives
us hope that a further investigation might be possible for the middle dimensional
cohomology of Shimura varieties along the lines sketched in §5.

7. Concluding remarks

Finally, the author would like to mention an application of the geometric Jacquet—
Langlands correspondence to the theory of cohomological £-adic automorphic forms
of Emerton [16] and Urban which is closely related to the Coleman—Mazur construc-
tion of £-adic families of automorphic forms for GL> g [10]. Assume G, is split
with a split maximal torus Tg,. We fix K tc G(Aff). Consider the projective limit

Shg (G, X) = 1(&11 ShKl,Kz(G, X).
K¢CG(Qp)

By the vanishing theorem, under the supercuspidality assumption mod ¢ at a finite
place w t £, the ¢-adic continuous complex RI¢oni(Shge(G, X), E;) reduces to
one module H concentrated at the middle dimension. The Jacquet module of the
space of locally analytic vectors in H is seen as the set of the global sections of a

coherent sheaf & g on the £-adic rigid analytic torus 7y whose Qy-valued point is

Homeont (T, (Q¢)/Z(F) N K¢, @;) (the weight space).

On the other hand, for the compact twist G _ in 6.3, the cohomological construction
using Hida varieties gives a coherent sheaf €; (¢ on 7. The geometric Jacquet—
Langlands isomorphism in 6.3 suggests that €5 ¢ is described explicitly by €, g,

where K4¥ is identified with K5, preserving Hecke actions outside w. So the
geometric Jacquet—Langlands correspondence, which preserves Z;-lattice structures
(or even structures over Zg/£"), realizes a correspondence between cohomological
£-adic automorphic forms on G and G_. The existence of such a correspondence for
GL; and the Coleman—Mazur construction was questioned by Buzzard ([3] for the
construction on the definite quaternion side), and answered by Chenevier [8].

The author would like to close this article with the following speculation: the
functoriality principle for reductive groups should be true even for cohomological
£-adic automorphic forms.

33 After this paper was written, Taylor [53] has shown a potential automorphy for a large class of Galois
representations by developing the techniques discussed in this article. As a consequence, he proved the Sato—Tate
conjecture for elliptic curves quite generally.
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