Elliptic and parabolic problems in conformal geometry

Simon Brendle

Abstract. I will review recent results regarding two questions that arise in connection with the
Yamabe problem. The first problem is concerned with the conformal deformation of Riemannian
metrics by their scalar curvature. This leads to a parabolic evolution equation, which can be
interpreted as the flow of steepest descent for the Yamabe functional. I will provide conditions
which guarantee that the flow converges to a metric of constant scalar curvature as t — oo.
The second problem is concerned with the set of constant scalar curvature metrics in a given
conformal class. I will discuss under what conditions this set is compact. A recurring theme
in the study of both problems is that blow-up can be ruled out by means of the positive mass
theorem provided that the dimension is less than 6, whereas the Weyl tensor plays a crucial role
in higher dimensions.
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1. The uniformization theorem and the Ricci flow in dimension 2

To begin with, I will discuss some results concerning the Ricci flow in dimension 2
and their relation to the uniformization theorem.

Theorem 1.1. Let M be a compact manifold of dimension 2 without boundary. Given
any metric go on M, there exists a metric g which is pointwise conformal to gy and
has constant curvature.

Recall that two metrics go and g on a manifold M are said to be pointwise con-
formal if there exists a smooth function w: M — R such that g = e?¥ go. If M is
two-dimensional, then the Gaussian curvature of g is related to the Gaussian curvature
of go by the formula

2
Kge™ = Kgy — Agyw, (1)

where A, denotes the Laplacian relative to the metric go. Hence, the uniformization
theorem in dimension 2 is equivalent to the solvability of the nonlinear elliptic equation

Agyw — Kgy +ke?” =0, 2)

where k is a constant. Solutions to (2) can be constructed using variational methods
(see e.g. [18], [19]). This approach is based on the observation that every solution
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of (2) is a critical point of the functional

1
Eg(w) = E/M|dw|§0dvolg0+/MKg0wdvolgo

—wx(M) log (/ ezwdvolg(J),
M

where x (M) denotes the Euler characteristic of M. The functional Eg (w) was
introduced by M. Berger in his work on the uniformization problem [5], and is known
asthe Liouville energy. Ithas a geometric interpretation in terms of the log determinant
of the Laplacian associated with the conformal metric e go (see [27]).

The partial differential equation (2) is closely related to the Ricci flow in dimen-
sion 2. In dimension 2, the normalized Ricci flow takes the form

3)

0
Eg(t) = —(Kgr) — kg(r) 8(0), 4)
where K, () denotes the Gaussian curvature of g(r) and

27 x (M)

ko) = — X270
S0 T dvoly

is the mean value of the Gaussian curvature on M. The evolution equation (4) can be
reduced to a nonlinear partial differential equation of parabolic type. Hence, given
any initial metric go on M, the evolution equation (4) has a smooth solution on a
small time interval. The evolution equation (4) was first studied by R. Hamilton [14].
The longtime behavior of the flow is characterized by the following result due to
R. Hamilton [14] and B. Chow [9]:

Theorem 1.2. Let M be a compact manifold of dimension 2 without boundary. Given
any initial metric go on M, the evolution equation (4) has a global solution. The
solution converges exponentially to a metric of constant curvature ast — 00.

The convergence of the Ricci flow follows from the maximum principle if
x(M) < 0. The case x(M) > 0 is more subtle. To prove Theorem 1.2 in this
case, Hamilton assumed that the initial metric has positive curvature. This condition
is preserved by the flow, and guarantees that the entropy

/ Kglog Ky dvolg
M

is well defined. It is shown in [14] that this functional is decreasing along the Ricci
flow (see also [9]). In view of the Harnack inequality established in [14], this implies
that the curvature is uniformly bounded from above. This is sufficient to prove Theo-
rem 1.2 for initial metrics of positive curvature. The remaining cases were settled by
B. Chow [9].
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In a subsequent paper, Hamilton observed that the constant in the isoperimetric
inequality improves along the Ricci flow [16]. This estimate can be used to give an al-
ternative proof of Theorem 1.2. M. Struwe, building upon earlier work of X. Chen [8],
provided another proof of Theorem 1.2 based on concentration-compactness argu-
ments [39].

There are essentially two ways to generalize these results to higher dimensions.
One is E. Calabi’s problem concerning the existence of Kdhler—Einstein metrics (or,
more generally, extremal Kéhler metrics). The other one is the Yamabe problem,
which will be discussed below.

2. The Yamabe problem

In 1960, H. Yamabe [42] conjectured that the uniformization theorem can be gener-
alized in the following way:

Theorem 2.1. Let M be a compact manifold of dimension n > 3 without boundary,
and let go be a Riemannian metric on M. Then there exists a metric g which is
pointwise conformal to gy and has constant scalar curvature.

Theorem 2.1 was proved by T. Aubin [1], R. Schoen [29], and N. Trudinger [40].
A. Bahri gave an alternative proof of Theorem 2.1 in the locally conformally flat
case [3].

As in the two-dimensional case, the Yamabe problem can be reduced to the solv-
ability of a nonlinear elliptic equation. Indeed, if two metrics go and g are related

by g = u/%2 go for a smooth positive function u, then the scalar curvature associated
with g can be calculated from the scalar curvature associated with gg by means of the
identity

n+2 4(n —1)
-2

(see [2]). Here, Ry, denotes the scalar curvature associated with go, and Ay, is
the Laplace operator relative to go. Hence, if u is a positive solution of the partial
differential equation

Agyi 5)

4(n—1) n+2
—2Ag0u—Rg0u+run*2 =0, (6)
n —_—

4
then the metric g = un—2 go has constant scalar curvature r. The solutions of (6) can
be characterized as the critical points of the functional

Egy(u) =

(7

A(n—
[y (R |du|2, + Ry, u®) dvoly,
— .

(fyg ™ dvoly) 7
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The functional Eg,(u) is called the Yamabe energy. It follows from (5) that Eg\ (1) =
8(1/!% go), where

R, dvol
(fyrdvolg) "

denotes the normalized Einstein—Hilbert action. The Yamabe constant of a metric gg
is defined as the infimum of the Yamabe energy in the conformal class of gp:

€(g) =

Y(M,go) = inf  Eg(u).
(M, go) N g0 (1) ©)

The Yamabe constant is closely related to the optimal constant in the Sobolev embed-
2n
ding of W12(M, go) into L7a-2 (M, go). It is not difficult to show that ¥ (M, gg) <
2

Y (S"), where Y(S") = n(n — 1) ;! denotes the Yamabe constant of the standard
metric on §”. The key step in the proof of Theorem 2.1 is the following result, which
is due to Aubin and Schoen:

Theorem 2.2. Let M be a compact manifold of dimension n > 3 without boundary,
and let go be a Riemannian metric on M. Suppose that (M, go) is not conformally
equivalent to the standard sphere S". Then Y (M, go) < Y (S").

Aubin proved Theorem 2.2 under the additional assumption thatn > 6 and (M, go)
is not locally conformally flat. The remaining cases were solved by Schoen using the
positive mass theorem.

3. The Yamabe flow

R. Hamilton proposed a heat flow approach to the Yamabe problem [15]. Hamilton
considered the following evolution equation for the Riemannian metric g:

0
gg(f) = —(Rg(ry — rg(r)) &(1). (10)

Here, Rg () denotes the scalar curvature associated with the metric g(¢). Moreover,
the normalization constant rg(;) is defined as the mean value of the scalar curvature
on M:
Ju R dvolgq

Judvolgay
This choice of the normalization constant ensures that the volume of M does not
change under the evolution. Note that the value of the normalization constant 7 ()
may change during the evolution.

The evolution equation (10) can be viewed as a generalization of the Ricci flow
in dimension 2 and is often referred to as the Yamabe flow. Like the Ricci flow
in dimension 2, the Yamabe flow can be reduced to a parabolic equation for a scalar

Tg(ry =
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function. To see this, we fix a background metric g¢ in the conformal class of the initial
metric. Since the Yamabe flow preserves the conformal structure, we may write the

4
time-dependent metric in the form g () = u(#) =2 go, where u(¢) is a positive function
on M. Using the relation (5), one can show that the function u satisfies the partial
differential equation

9 %_n+2<4(n—1)

—un—
n—2

n+2
“ : Mgt — R+ rgui ), (an

which can be viewed as a parabolic analogue of the Yamabe equation (6). It follows
from standard parabolic regularity theory that the Yamabe flow has a smooth solution
which is defined on a small time interval. Hamilton proved that the Yamabe flow
has a global solution for every initial metric [15]. Moreover, he showed that the
scalar curvature satisfies the pointwise bound |R, ()| < C, where C is a constant that
depends only on the initial metric (but not on 7).

The discussion of the asymptotic behavior of the flow can be divided into two
cases which are distinguished by the sign of the Yamabe constant Y (M, go). If
Y(M, go) <0, one can apply the maximum principle to show that the Yamabe flow
converges exponentially to a metric of constant scalar curvature.

One of the first results in the case of positive Yamabe constant is due to B. Chow [10].
Chow showed that the flow converges to a metric of constant sectional curvature pro-
vided that (M, go) is locally conformally flat and the initial metric has positive Ricci
curvature. The proof is inspired by Hamilton’s work on the Ricci flow in dimension 3
(see [13]), and is based on pinching estimates for the eigenvalues of the Ricci tensor.

R. Ye [43] proved the convergence of the flow for all initial metrics, assuming
only that (M, go) is locally conformally flat. To this end, he established a gradient
bound for the Yamabe flow on locally conformally flat manifolds. The proof of the
gradient estimate is based on the method of moving planes and uses the injectivity of
the developing map (see [34]).

A different approach was developed by H. Schwetlick and M. Struwe [36]. Among
other things, Schwetlick and Struwe proved that the scalar curvature approaches a
constant in the sense that

lim f |Rg(r) — re|” dvolggy = 0 (12)
M

t—00

forall p > 1. Using (12), they showed that the Yamabe flow cannot form a singularity
unless volume concentration occurs. Moreover, if volume concentration occurs, then
the metric can be rescaled in such a way that the rescaled metrics converge to the
standard metric on S”.

Lemma 3.1. Let {t, : v € N} be a sequence of times such that t, — 00 as v — 00.
Moreover, let u,, = u(t,). After passing to a subsequence if necessary, we can find a
non-negative integer m and sequences {xy, : v € N}, {ex, :veNL k=1,...,m,
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such that

n—=2

m n—2 n=2
uv<x>—2¢xk,u<x>(4"(”_ 1)) ' ( Ty ) T )
k=1

Too elz’v +d(xp., x)?

inwWh2(Mm, 80). Here, ro is defined as the limit of the normalization constant r (1) as
t — 00. The function u is a non-negative smooth solution of the partial differential

equation

4(n—1) 2
n—2 Agyltoo = Rgy oo + T'oo uss’ = 0.

Finally, ¢y, is a cutoff function such that ¢y, (x) = 1 for d(xg,v,x) < & and
Pxp, (¥) = 0 for d(xg,p, x) = 26.

This result is due to Schwetlick and Struwe (see [36], Lemma 3.4, and [38]). The
proof uses a theorem due to M. Obata, which asserts that every conformal metric on §”
with constant scalar curvature has constant sectional curvature (see [12] or [26]).

Moreover, Schwetlick and Struwe were able to rule out volume concentration
provided that n < 5 and the Yamabe energy of the initial metric is below a certain
threshold. The latter condition precludes the formation of a singularity with more
than one “bubble”. The formation of a singularity with exactly one “bubble” can be
ruled out by means of the positive mass theorem.

It was shown in [7] that the condition n < 5 implies the convergence of the Yamabe
flow for all initial metrics (regardless of their Yamabe energy):

Theorem 3.2. Let M be a compact manifold of dimension n > 3 without boundary,
and let gy be a Riemannian metric on M. Suppose that n < 5 or (M, go) is locally
conformally flat. Given any initial metric in the conformal class of go, the Yamabe
Sflow has a global solution which converges to a metric of constant scalar curvature
ast — oQ.

In the locally conformally flat case, this provides an alternative proof of Ye’s
theorem. The proof of Theorem 3.2 rests on the following key lemma:

Lemma 3.3. Suppose that n < 5 or (M, go) is locally conformally flat. Moreover,
let {g(t) : t = 0} be a solution of the Yamabe flow on M. Then there exist positive
real numbers y, C, and to such that

2 i (14)
Fot) =T = C (/ |Re(ty — reny|"+2 dVOlg(z)) (13)
M

fort > 1.

Suppose for simplicity that the volume is normalized to 1. Then the number r ;)
coincides with the Yamabe energy at time . Hence, the number r, can be interpreted
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as the limit of the Yamabe energy as t — oo. The difference rg;) — roo can be
expressed as a space-time integral

n—2 %
g) —Too = —5 /t /M(Rg(r) — re(y)? dvoly(r) dr. (14)

Hence, we can use (13) and Holder’s inequality to derive a differential inequality for
the function rg(;) — roo. This implies

1
oo 2
/ ( f (Re(r) —rg(t))zdvolg(t)> dt < o0o. (15)
0 M

This estimate can be used to rule out volume concentration. More precisely, given
any positive real number 1, we can find a real number > 0 such that

2n
sup / u(t)n=2 dvolg, <n,
xeM,t>0 J B, (x)

where B, (x) denotes a geodesic ball in the background metric go. In light of the
results of Schwetlick and Struwe, it follows that

sup u(x,t) < oo.
XeEM,t>0

Thus, the Yamabe flow converges to a metric of constant scalar curvature as t — 0.
Moreover, if (13) holds with y = 1, then the flow converges to the limiting metric at
an exponential rate.

To prove Lemma 3.3, we need to find a positive real number ¢¢ and a family of
auxiliary functions u(, ¢ (p € M, 0 < & < &) such that

Eg(it(p.e)) < Y(S") (16)

and u(p ¢) has the “right” asymptotic behavior as ¢ — 0. For n < 5 the existence
of such a family of test functions follows from work of R. Schoen [29]. The same
approach works if (M, go) is locally conformally flat.

Another ingredient in the proof of Lemma 3.3 is an inequality for real-analytic
functions due to Lojasiewicz. This inequality was used in the work of L. Simon on the
asymptotic behavior of gradient flows [37]. The Lojasiewicz inequality is typically
applied to prove the uniqueness of the asymptotic limit of a gradient flow once a-priori
estimates have been established.

We cannot, in general, expect (13) to be true for y = 1. Indeed, if (13) holds for
y = 1, then the flow converges to the limiting metric at an exponential rate. This is
unlikely to be true in the presence of degenerate solutions.
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4. Convergence of the Yamabe flow in dimension greater or equal to 6

We next consider the case n > 6. In order to prove that the Yamabe flow approaches
a metric of constant scalar curvature as ¢ — 0o, we need to construct a family of test
functions i) that satisfy the inequality (16) among other technical conditions. To
this end, it is natural to impose conditions on the Weyl conformal curvature tensor.
For example, if we assume that |W (p)| > 0 for all p € M, then we can use a result
due to Aubin [1] to prove the existence of a family of auxiliary functions with the
desired properties.

More generally, suppose that p is a point on M, and letd = [%] be the largest
integer less than or equal to % If the Weyl tensor does not vanish to an order greater
than d — 2 at p, then we can take advantage of the local geometry to construct a test
function with Yamabe energy less than Y (S"). On the other hand, if the Weyl tensor
vanishes to an order greater than d — 2 at p, we expect that the positive mass theorem
can be used to push the energy of the test function below Y (S"). This motivates the
following definition.

Definition 4.1. Let [ be a positive integer. We denote by Z;(go) the set of all points
p € M such that

lim d(x, p)*™' [W(x)| =0,

xX—p

where W (x) denotes the Weyl tensor associated with the metric gog, andd( -, - ) denotes
the geodesic distance relative to that metric.

Observe that the set Z;(go) depends only on the conformal class of gg. It is easy
to see that Z;(go) is a compact subset of M. Moreover, we have M = Z1(go) D

Z>(g0) D - -+ .

Theorem 4.2. Suppose that n > 6 and Z;(go) = ¥ ford = [%]. Then, for every
initial metric in the conformal class of go, the Yamabe flow has a global solution which
approaches a metric of constant scalar curvature ast — oQ.

To prove Theorem 4.2, we consider an arbitrary point p € M. By aresultofJ. Lee
and T. Parker, we can find a metric g in the conformal class of g such that

detg(x) = 14 O(]x|*?*?) (17)

in geodesic normal coordinates around p (see [21] or [35]). This is called the confor-
mal normal coordinate system. Working in conformal normal coordinates serves
two purposes: first, the condition (17) allows us to simplify some of the calcu-
lations. Second, it can be shown that the metric agrees with the flat metric to
the maximal order permitted by the Weyl tensor. More precisely, if p € Z;4(go),
then gir(x) = &ix + O(|x|4t1) in conformal normal coordinates. (Conversely, if
gix(x) =6ir+ O(|x |d+1) for any metric conformally equivalent to g, then clearly p
belongs to the set Z;(go).)
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It is convenient to write the Riemannian metric in the form g(x) = exp(h(x)),
where /(x) is a symmetric 2-tensor satisfying

trh(x) = O(|x|**?). (18)

We denote by Hiy(x) = ZZSIaISd hik.o x¢ the Taylor polynomial of order d asso-
ciated with the function A;;(x). Since p ¢ Z;(go), at least one of the polynomials
H;i(x) (1 <i, k <n) is not identically zero.

Given a positive real number ¢, we define a function u.: R" — R by

g
ug(x) = m ,
so that
n+2
Aug +nn —2)ul™ =0. (19)

Our aim is to construct a test function u(, ¢y which is close to u, and has Yamabe
energy less than Y (S"). To this end, we exploit the saddle point structure of the
Einstein—Hilbert action near the standard metric on S” (see [6], Section 4G). We first
choose a vector field V®: R" — R” such that

" 20
> o[l (Hix — 0V — eV + 2 givve 5u) | =0 (20)
k=1

fori = 1,...,n. This is a linear elliptic system. In order to construct a solution to
(20), it suffices to minimize the functional
n

2n 2 . 2
/ ul™? Z (Hik —0;Vik — o Vi + 7 divV 8”‘)
" ik=1

over all vector fields V: R" — R".
In the next step, we define a function v, : R” — R by

n

-2

Ve = Zakue Vi + n2 ug div Ve.
k=1

It follows from (20) that the function v, solves the linearized equation

4 " n—2
Ave +n(n+2)ul> ve = ikX_:I m ug 0; 0 Hig. (21)

The fact that v, is a solution of the linearized equation (21) suggests that u, + v, is a
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good candidate for a test function. Indeed, one can show that

4n—1) 2 2
—— |d(ue + Us)|g + Rg (e + ve)
Bs©) \ 1 —2

n—2

< ( / <u€+v8)ff2) " ysm 22)
B;(0)

n
=0 > > lhikal? e+ C(8) "

2<|a|<d i,k=1

if n 1s odd. A similar estimate holds if n is even: in this case, we have

dn—1) 2 2
—— |d(ue + Us)|g + Rg (e + ve)
Bs0) \ 12

n—2

< ( / <u8+v8)fi’2) " y(sm
B;(0)

DY Z hik.al? £

2<|a|<d—11ik=1

n
1
-9 . 2 .n—=2 - n—2‘
E E hikal” € 10g8+C(3)8
lo|=d i,k=1

(23)

In both inequalities, 6 is a positive constant that depends only on n. It remains to
extend the function u, + v, to all of M. In view of (22) and (23), this can be done in
such a way that the Yamabe energy of the resulting function is less than Y (S") if ¢ is
sufficiently small. The details will appear in a forthcoming paper.

We expect that the conclusion of Theorem 4.2 is still valid without the condition
Z4(go) = . A proof of this conjecture will likely involve the positive mass theorem.
The positive mass theorem was first proved in dimension 3 by R. Schoen and S.T. Yau
using minimal surface techniques [33]. This argument can be extended up to dimen-
sion 7, cf. [31]. E. Witten gave an alternative proof of the positive mass theorem based
on spinor methods [41]. (This approach works only for spin manifolds.) R. Bartnik
extended Witten’s arguments to prove the positive mass theorem for spin manifolds
of any dimension [4]. J. Lohkamp recently announced a proof of the positive mass
theorem in arbitrary dimension, which does not require the manifold to be spin [24].

5. Compactness of the set of constant scalar curvature metrics in a
given conformal class

In this section, [ will review several recent results concerning the set of solutions to (6).
In particular, I will discuss under what conditions the set of solutions is compact. These
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results are remarkably similar to those stated in the preceding sections. As above, we
assume that M is a compact manifold of dimension n > 3 without boundary.

Theorem 5.1. Suppose that n < 7 or (M, go) is locally conformally flat. Moreover,
we assume that (M, go) is not conformally equivalent to the standard sphere S".
Let r be a fixed real number, and let u be a positive solution of (6). Then there
exists a constant C, depending only on go and r, such that ||ullc2(p 4y < C and
infpyu>1/C.

This compactness result was proved by R. Schoen in [30] (see also [31] and [32]).
Y. Y. Li and M. Zhu gave an alternative proof in dimension 3 [23]. The extension to
dimensions 4 and 5 is due to O. Druet [11]. The cases n = 6 and n = 7 were solved
independently by Y.Y. Li and L. Zhang [22] and F. Marques [25].

M. Khuri and R. Schoen [20] recently established a compactness result in arbitrary
dimension. Among other things, Khuri and Schoen proved that the Weyl tensor van-
ishes to an order greater than [%] at each blow-up point. In particular, if Z;(go) = @

ford = ["—52], then blow-up cannot occur.

Theorem 5.2. Suppose thatn > 8 and Z;4(go) = 0 ford = [%]. Moreover, let r
be a fixed real number. Then there exists a constant C, depending only on gy and r,
such that ||ullc2(pr g0 < C and infpru > 1/C for every positive solution of (6).

A special case of Theorem 5.2 was proved in a recent paper by Y. Y. Li and
L. Zhang [22]. Li and Zhang assumed that n > 8 and |W(p)| + |[VW(p)| > O for
all p € M. (This condition is equivalent to Z3(go) = ¥.) The proof of the main
result in [22] uses special properties of conformal normal coordinates established by
E. Hebey and M. Vaugon [17].

Moreover, Khuri and Schoen showed that the condition Z;(gg) = @ can be re-
moved by means of the positive mass theorem. Since the positive mass theorem holds
for spin manifolds of any dimension, this yields the following result:

Theorem 5.3. Suppose that M is a spin manifold and (M, go) is not conformally
equivalent to the standard sphere S". Moreover, suppose that u is a positive solution
of (6) for some fixed real number r. Then |lullc2(p g,y < C and infyyu > 1/C,
where C depends only on go and r.

It is shown in [20] that the compactness result remains true if the equation (6) is
replaced by a family of subcritical equations. This is useful in some applications. For
example, this can be used to obtain results concerning the number of constant scalar
curvature metrics in a given conformal class.

It is interesting to compare the results above to the following result of D. Pollack
(see [28], Theorem 0.1):

Theorem 5.4. Suppose thatY (M, go) > 0. Given any positive integer N, there exists
a Riemannian metric g with the following properties:
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@ llg — 8ollcognr,gp) < 1/N.

.. . — nt2 .. .
(i) The equation 4(:_21) Agu — Ry u~+un=2 =0 has at least N positive solutions.

It follows from the results mentioned above that Theorem 5.4 cannot hold if the
CO-norm is replaced by the C’-norm for a sufficiently large integer / (which may
depend on the dimension n). The reason is that the a-priori estimates for solutions
of (6) are stable under perturbations of the background metric that are small in the
C!-topology.
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