Extremal metrics and stabilities on polarized manifolds
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Abstract. The Hitchin—Kobayashi correspondence for vector bundles, established by Donaldson,
Kobayashi, Liibke, Uhlenbeck and Yau, states that an indecomposable holomorphic vector bundle
over a compact Kéhler manifold is stable in the sense of Takemoto—Mumford if and only if
the vector bundle admits a Hermitian-Einstein metric. Its manifold analogue known as Yau’s
conjecture, which originated from Calabi’s conjecture, asks whether “stability” and “existence
of extremal metrics” for polarized manifolds are equivalent. In this note the recent progress
of this subject, by Donaldson, Tian and our group, together with its relationship to algebraic
geometry will be discussed.
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1. Introduction

Let M be a compact complex connected manifold. As an introduction to our subject
we recall the following well-known conjecture of Calabi [5]:

Conjecture. (i) If c;(M)r < 0, then M admits a unique Kéhler—Einstein metric @
such that Ric(w) = —w.

@i1) If c;(M)r = 0, then each Kahler class on M admits a unique Kihler—FEinstein
metric w such that Ric(w) = 0.

(ii1) For c{(M)r > 0, find a suitable condition for M to admit a Kihler—Einstein
metric w such that Ric(w) = w.

Based on the pioneering works of Calabi [6], [7] and Aubin [1], a complete af-
firmative answer to (i) and (ii) was given by Yau [49] by solving systematically cer-
tain complex Monge—Ampere equations. However for (iii), sufficient conditions are
known only partially by Siu [41], Nadel [37], Tian [42], [44], Tian and Yau [46], Wang
and Zhu [52], where some necessary conditions were formulated as obstructions by
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Futaki [18] and Matsushima [34] (see also Lichnerowicz [23]). It is (iii) that mainly
motivates our studies of stabilities and extremal metrics, while an analysis of destabi-
lizing phenomena caused by the non-existence of Kihler—Einstein metrics allows us
to obtain very nice by-products, such as Nadel’s vanishing theorem [37] via the use
of multiplier ideal sheaves.

2. Stability for manifolds in algebraic geometry

In Mumford’s GIT [36], moduli spaces of algebraic varieties are constructed via the
theory of invariants, where varieties are described by numerical data modulo actions of
reductive algebraic groups. Then, roughly speaking, stable points are those away from
very bad points in moduli spaces. For a precise definition consider a representation of
a reductive algebraic group G on a complex vector space W. Let w € W. We denote
by G, the isotropy subgroup of G at w.

Definition 2.1. A point w € W is said to be stable (resp. properly stable) if the orbit
G - wisclosed in W (resp. G - w is closed in W with |G| < 00).

For moduli spaces of polarized varieties the Chow—Mumford stability and the
Hilbert—-Mumford stability are known. In what follows, by a polarized manifold
(M, L), we mean a very ample holomorphic line bundle L over a nonsingular pro-
jective algebraic variety M defined over C, where the arguments in this section have
nothing to do with the nonsingularity of M. Now for a polarized manifold (M, L) put
n := dim M and let m be a positive integer. Then associated to the complete linear
system |L™| we have the Kodaira embedding

tn: M — P*(V,),

where P*(V,,) denotes the set of all hyperplanes in V,, := H O(M, OL™)) through
the origin. Let d,, be the degree of ,,(M) in the projective space P*(V,,). Put
G := SLc (V) and Wy, := {89 (V,,)}®"*1 where §9 (V,,) is the d,,-th symmetric
tensor product of the space V,,. Take an element M,, # 0 in W, such that the
associated element [M,,] in P*(W,,) is the Chow point of the irreducible reduced
algebraic cycle 1, (M) on P*(V,,). For the natural action of G, on W, we now apply
Definition 2.1to G = G, and W = W,,;:

Definition 2.2. (a) (M, L™) is said to be Chow—Mumford stable (resp. Chow—Mumford
properly stable) if M, in W’ is stable (resp. properly stable).

(b) (M, L) is said to be asymptotically Chow—-Mumford stable (resp. asymptoti-
cally Chow—-Mumford properly stable) if, for m > 1, (M, L") is Chow—Mumford
stable (resp. Chow—Mumford properly stable).

Let m and k be positive integers. Then the kernel I, x of the natural homomor-
phism of SK(Vi) t0 Vi := HO(M, O(L"%)) is the homogeneous ideal of degree k
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defining M in P*(V,;). Put Ny := dim Vi and yy, k := dim I, . Then AV7* [, &
is a complex line in the vector space W, ; = AVmk (S¥(V,,)). Take an element
Wik # 0in AYmk [, . For the natural action of G,, := SL¢ (V) on Wy,  we apply
Definition 2.1t0 G = G, and W = W), x:

Definition 2.3. (a) (M, L™) is said to be Hilbert—Mumford stable (resp. Hilbert—
Mumford properly stable) if wy € Wy  is stable (resp. properly stable).

(b) (M, L) is said to be asymptotically Hilbert—Mumford stable (resp. asymp-
totically Hilbert—-Mumford properly stable) if, for all m > 1, (M, L™) is Hilbert—
Mumford stable (resp. Hilbert—Mumford properly stable).

A result of Fogarty [17] shows that if (M, L") is Chow—Mumford stable, then
(M, L™) is also Hilbert—-Mumford stable. Though the converse has been unknown,
the relationship between these two stabilities is now becoming clear (cf. [33]).

Stability for manifolds is an important subject in moduli theories of algebraic
geometry. Recall, for instance, the following famous result of Mumford [35]:

Fact 1. If L is an ample line bundle of degree d > 2g + 1 over a compact Riemann
surface C of genus g > 1, then (C, L) is Chow—Mumford properly stable.

For the pluri-canonical bundles K Em on M, m > 1, using the asymptotic Hilbert—
Mumford stability, Gieseker [20] generalized this result to the case where M is a
surface of general type. For higher dimensions a stability result by Viehweg [48] is
known in the case where the canonical bundle Ky, is semipositive. However, for both
the results of Gieseker and of Viehweg the proof of stability is fairly complicated,
while the underlying manifold (or orbifold) admits a Kdhler—Einstein metric.

3. The Hitchin—Kobayashi correspondence and its manifold analogue

For a holomorphic vector bundle E over an n-dimensional compact Kidhler manifold
(M, w) we say that E is Takemoto—Mumford stable if

[y 1B B [y c1(E)o™ !
rk($) rk(E)

for every coherent subsheaf § of O (E) satisfying 0 < rk(8) < rk(E). Recall the
following Hitchin—Kobayashi correspondence for vector bundles:

Fact 2. An indecomposable holomorphic vector bundle E over M is Takemoto—
Mumford stable if and only if E admits a Hermitian-Einstein metric.

This fact was established in 1980s by Donaldson [13], Kobayashi [22], Liibke [25],
Uhlenbeck and Yau [47]. As a manifold analogue of this conjecture we can naturally
ask whether the following conjecture (known as Yau’s conjecture) is true:
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Conjecture. The polarization class of (M, L) admits a Kédhler metric of constant
scalar curvature (or more generally an extremal Kéhler metric) if and only if (M, L)
is asymptotically stable in a certain sense of GIT.

For the “only if” part of this conjecture, the first breakthrough was made by
Tian [45]. By introducing the concept of K-stability, he gave an answer to the “only
if” part for Kdhler—Einstein manifolds, and showed that some Fano manifolds without
nontrivial holomorphic vector fields admit no Kéhler—Einstein metrics. A remarkable
progress was made by Donaldson [14] who showed the Chow—Mumford stability for
a polarized Kihler manifold (M, w) of constant scalar curvature essentially when the
connected linear algebraic part H of the group Aut(M) of holomorphic automor-
phisms of M is semisimple. In the present paper we shall show how Donaldson’s
work is generalized to extremal Kihler cases without any assumption on H (see also
[31], [32]). The relationship between this generalization and a recent result by Chen
and Tian [12] will be treated elsewhere.

4. The asymptotic Bergman kernel

For a polarized manifold (M, L) take a Hermitian metric 4 for L such that w :=
c1(L; h) is a Kihler form. Define a Hermitian pairing on V,;, := HO(M, O(L™)) by

(01,02),2 2=/ (01,00)p 0", 01,02 € Vi,
M

where (, );, denotes the pointwise Hermitian pairing by 42" for sections for L™. For

an orthonormal basis {07, 02, ..., oy, } of V,;, we put
B, — ”_!(| 2 2 2 1
mo = O-l|h"'|0-2|h'|""'|‘|0'Nm|h), (1)
where |cr|% = (0, 0)y for 0 € V,,. This B, , is called the m-th Bergman kernel

for (M, w) (cf. Tian [43], Zelditch [50], Catlin [4]), where we consider the asymp-
totic behavior of B, , as m — oo. Note that B, , depends only on (m, w) and is
independent of the choice of both % and the orthonormal basis for V,,,. Next, for

D:={CeL*; ] <1}

the boundary X := 9D = {£ € L*; ||, = 1} over M is an S!-bundle. Let pr: X —
M be the natural projection. We now consider the Szego kernel

Sw = Sw(x,y)

for the projection of L2(X) onto the Hardy space L2(X)NI'(D, ©) of boundary values
of holomorphic functions on D. Then for each positive integer m the corresponding
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m-th Bergman kernel B,, , for the Kidhler manifold (M, w) is characterized as the
Fourier coefficient

n! . .
pr* Bpw = — [ e ™5,(e"x, x) db.
m" s!

Now the Bergman kernel is defined not only for positive integers m but also for
complex numbers & as follows. To see the situation, we first consider the case where M
is a single point. Then in place of S, (¢ x, x) consider a smooth function S = S(6)
on S' := R/27Z for simplicity. The associated Fourier coefficient B, is

By, =f e~ ™m0 5(0) do
Sl

for each integer m # 0. Then for open intervals I := (—3n/4,37n/4) and I, =
(rr/4,7m/4) in R we choose the open cover

SIZUlUUz

where U; := I} mod 2z and U, := I, mod 27. By choosing a partition of unity
subordinate to this open cover we write

p10) + p2(0) =1, 6 €S,

where p, € C"f’(Sl)R, oa=1, % are functions > 0 satisfying Supp(p,) C U,. For
the coordinate 6 for R, writing 6 mod 27 as 6, define p, € C*(R)r, @ = 1, 2, by

o [ea®). del
fu@) = {0’ Ger

Then the Fourier transform F(S) = F(S)(&) of S is an entire function in & € C
defined as the integral

F(S)(E) = /R e 59 p1(0) + p2(0)}S(6) db, £ eC,

satisfying F(S)(m) = B, for all integers m. Though ¥ (S) may depend on the
choice of the partition of unity, its restriction to Z is unique. This situation is easily
understood for instance by the fact the functions £ (S)(&) and F (S)(&) + sin(w§)
in £ coincide on Z.

Now the above process of generalization from the Fourier series to the Fourier
transform is valid also for the case where the base space M is nontrivial. Actually,
we define an entire function Bg ,, in § € C by

n! s - - .~ ~
pr Be ,, == o / e 59 p1(0) 4 p2(0)}Sw(ex, x) db.
R
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By setting ¢ := &' we study the asymptotic behavior of B: , as g — 0 along
the positive real line {g > 0}. Let o, denote the scalar curvature of the Kihler
manifold (M, ). Then as in discrete cases by Tian [43], Zelditch [50], Catlin [4],
the asymptotic expansion of Bt ,, in g yields

Bew=1+aj(wq+awqg*+---, 0<qg<l, 2)

where a1 (w) = 0,/2 by a result of Lu [24]. For more details of the expansion in
discrete cases see also Hirachi [21].

5. Balanced metrics

Choose a Hermitian metric & for L such that w := ¢ (L; h) is a Kédhler form. Then w
is called an m-th balanced metric (cf. [51], [26]) for (M, L) if B,, ., is a constant
function (= C,,) on M. First put ¢ := 1/m. By integrating (1) and (2) on the Kihler
manifold (M, w) we see that C,, is written as

n! n e (M)ei(L)"~'[M]

Cp=————Nyp=1
m"ci(L)"[M] + 2 ci(L)"[M]

g+0@?», 0<qg<l,

where the left-hand side is the Hilbert polynomial P(m) for (M, L) divided by
m"c1(L)"[M]/n!. Hence it is easy to define C¢ by setting

n!P(§)

= C*. 3
€= pe ) C ©)

Now put g := 1/&. Define the modified Bergman kernel 8, ., by

2
:Bq,a) = 2§<l+?qu)(B$,w_C§) =0y — 0y + 0(q), 4)

where the average o, of the scalar curvature o, is nc1(M)c (L)y"! (M]/c1(L)'[M]
independent of the choice of w in ¢1(L)r. Then, for & = m, w is an m-th balanced
metric for (M, L) if and only if B, ., vanishes everywhere on M. Recall the following
result by Zhang [51] (cf. [26]; see also [30]):

Fact 3. (M, L™) is Chow—Mumford stable if and only if (M, L) admits an m-th
balanced metric.

Consider the maximal connected linear algebraic subgroup H of Aut(M), so that
the identity component of Aut(M)/H is an Abelian variety. Let us now choose
an algebraic torus 7 = (C*)” in the connected component ZC of the center of the
reductive part R(H) for H in the Chevalley decomposition

H = R(H) x H,,
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where H,, is the unipotent radical of H. Replacing L by its suitable positive multiple,
we may assume that the H-action on M is lifted to a bundle action on L covering the
H-action on M. For each character y € Hom(T, C*) we set

Wy ={oeVy,; o -g=x(g)oforall g e T},

where V,, x T > (0, g) + o - g is the right T-action on V,, = HO(M, O(L™))
induced by the left H-action on L. Now we have characters x; € Hom(7T, C*),
k=1,2,...,ry,such that the vector space V,, is expressible as a direct sum

rm
Vi = @ W xk.
k:l

For the maximal compact torus 7, in 7 we may assume that both 4 and w are T,-

invariant. Put J,, := {1,2,..., Ny}, where N,, := dim V,,. Choose an orthonor-
mal basis {01, 02,...,0y,} for V, such that all oj, j € J,, belong to the union
Uz’”zl W x«. Hence there exists amap «: J,, — {1, 2, ..., ry} satisfying

oj € Wxe(j), J €Jdm.

Put tg := it. for the Lie algebra t. of T, where i := /—1. For each Y € tg, by
setting g := exp(Y/2), we put hg := h - g for the natural T -action on the space of
Hermitian metrics on L. Define the m-th weighted Bergman kernel By, ., y, twisted
by Y, for (M, w) by setting

N, N,
P L P IR L
mo.y = WZ loj1h, = 8 ﬁZ :

2
= |XK(j)(g)|

Then w is called an m-th T -balanced metric on (M, L) if B, , y is a constant function
(= Ci,y) on M for some Y € t. Consider the natural action of the group

'm

G = @D SLc(W xi)
k=1
acting on V,, = @Z’": | W xx diagonally (factor by factor). We say that (M, L™) is
Chow—Mumford T -stable if the orbit G,, - M,, is closed in W,:. Note that (cf. [30])

Fact 4. If M admits an m-th T -balanced metric on (M, L), then (M, L) is Chow—
Mumford T -stable.

We shall now extend {B,, .,y ; m = 1,2,...} t0 {Bg o,y ; & € C}in such a way
that By, ,,,y coincides with B oY for all positive integers m. By the definition

of By,w,y (see also [30], p. 578) the equality By, o,y = B w(hg/h)™ always holds.
Hence we put

Bewy = Bew- (he/h) = B o explé log(hy /b)), & €C. 5)
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Once Bg ,,y is defined, we can also define C¢ y, § € C in such a way that Cy, y
coincides with C¢ y E=m" Actually, we put

Bio.y
Cey = — o 6
= |, aan ¢ ©

6. A simple heuristic proof of Donaldson’s theorem

In this section we shall show that a heuristic application of the implicit function
theorem simplifies the proof of Donaldson’s theorem [14]. Fix a Kéhler metric wq in
c1(L)R of constant scalar curvature. Assume that the group H in the previous section
is trivial. For each Ké&hler metric w in cj(L)r we can associate a unique real-valued
smooth function ¢ on M such that

w=wy+/—190¢

with normalization condition f y 9wy = 0. For an arbitrary nonnegative integer k
and a real number « satisfying 0 < o < 1, we more generally consider the case where
@ € CHH42 (MR, so that w is a CK+2:¢ Kiihler metric on M. The Fréchet derivative
Do, at w = wy of the scalar curvature function w +— o, is given by

{(D,0,)(v—133¢)}

Owo++v/—1eddp — 9wo
&

= Lw0§0,

= 1Ilim
lo=wo — 0
where L, : C ktdapryp — CK2(M)R is the Lichnerowicz operator for the Kéhler
metric wg (cf. [23], [14]). Then by (4) the Fréchet derivative D, B4, of B4 » with

respect to w at (g, w) = (0, wp) is written as
{(DwBg.0)(V—10330)} {(D,0,)(V—1309)}

where L, is an invertible operator by the triviality of H. By setting ¢ := 1/§, we
move ¢ in the half line R>( := {0} U {1/&; & > 0}. Replacing g by ¢? if necessary,
we apply the implicit function theorem to the map (¢, @) — B, .. (The required
regularity for this map is rather delicate: By using [3], Theorem 1.5 and §2.c, we
can write both Bg ,, and its w-derivatives as integrals similar to (18) in [50]. Then
the estimate of the remainder term in the asymptotic expansion for B, in [50],
Theorem 1, is valid also for the asymptotic expansion of B ,, and its w-derivatives.
However, for continuity of B, ., and its w-derivative, more delicate estimates are
necessary. Related to Nash—Moser’s process, this will be treated elsewhere.) Then
we have openness of the solutions for the one-parameter family of equations

,Bq,w = 05 q Z Oa (7)

i.e., there exists a one-parameter family of CK¥2:¢ solutions w = w(g), 0 < ¢ < &,
for (7) with w(0) = wp, where ¢ is sufficiently small. Hence by Fact 3 in Section 5,
(M, L") is Chow—Mumford stable for all integers m > 1/e¢. O

(q.0)=0.00) — lo=wp — Loy,
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7. The case where M admits symmetries

In this section we consider a polarized manifold (M, L) with an extremal Kihler
metric wq in ¢ (L)r. Then following Section 6, a result on stability in [32] will be
discussed. Let 'V be the associated extremal Kéhler vector field on M. Assume that
H is possibly of positive dimension. Then the identity component K of the isometry
group of (M, wp) is a maximal compact subgroup in H. Let 3 be the Lie algebra of
the identity component Z of the center of K.

Step 1. We assume that the algebraic torus T in Section 5 is the complexification Z©
of Z in H, so that the Lie algebra t of T coincides with the Lie algebra 3 of ZC.
Let g € R>o, where we set ¢ = 1/& for the part 0 < £ € R. Take an element ‘W
in the Lie algebra 3. Let w be a Kéhler metric in the class ¢ (L)r. Then by setting
Y = ig?(V + W) for i := +/—1, we can now consider the following modified
weighted Bergman kernel

2
Bg.ow = 25(1 + ?qu>(Bs,w,y —Cey), £EeCF,

where we used (5) and (6) in defining Bg , y and Cg y. For the Kéhler manifold
(M, ), consider the Hamiltonian function 6., € C®°(M)g for V characterized by

V_w =096, and /owa)”=/ Gy ",
M M

For each Z € j the associated Hamiltonian function fzo €C (M) is uniquely

characterized by the identities Z Jw = 9 fz, » and f M fz, »@" = 0. Note that V € 3.
Then also in this case, as in (4), we obtain

ﬁq,w,W zaw_&w_fW,w+0(‘I)- (8)

Choose an arbitrary nonnegative integer £ with a real number 0 < o < 1. For the
space F; of all K-invariant functions f € C%%(M)g satisfying / u Jog = 0, by
setting N := Ker L, N F¢, we have the identification

0:3=N, Z < 0(Z):= fzu:

where N is independent of the choice of £. Then the vector space ¥ is written
as a direct sum N & Nj‘, where N[J- is the space of all functions f in ¥; such
that [,, fvwj = 0 for all v € N. For an arbitrary integer k > 0, we make a
small perturbation of wy by varying w in the space {wg + v/—19d¢; ¢ € Q/ij;r4}.
Since wy is an extremal Kihler metric, we see from (8) that B, ,, w vanishes at
(g, 0, W) = (0, wp, 0), i.e.,

,BO,a)O,O =0 onM.
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Again from (8) we see that the Fréchet derivatives Dy,By o, w and DwpB, o w of
Bg.w,wat (g, w, Y¥) = (0, wp, 0) are

/193 1

{{(legq,a),w)( —1 8a(p)}|(q’wyw):(0’w0’0) = La)()§07 (7S Nk+4,
(DyyBy . w)1(q.0. W)=0.00.0) = =0, on N.

Since Ly : Nkﬁ_ 4> NkJ- is invertible and since 6 is an isomorphism, the implicit

function theorem is now applicable to the map: (¢, @, W) = B, o, w. Then for some
0 < & < 1 we can write

w=w(g) and W=W(g), 0<g<e,
solving the one-parameter family of equations

ﬂq,w,W =0, q = 0,

in (w, 'W). Hence by setting Y(¢) := iq2(V+W(q)) forg = 1/m, the m-th weighted
Bergman kernel By, (q),y(¢) 18 constant on M for all m > 1/e. Then by Fact 4 in
Section 5, (M, L™) is Chow—Mumford T -stable for all m > 1/e.

Step 2. Though we assumed that T' coincides with Z€ in the first step, it is better to
choose T as small as possible. Then for a sufficiently small positive real number ¢,
the algebraic torus 7 in ZC generated by

U v+w@.iv+iwg)

1/e<mel

is a good choice, where ¢ = 1/m and i := +/—1.

8. Concluding remarks

For the conjecture in Section 3 the “if” part is known to be a difficult problem and it
is of particular interest. Assuming that a polarized manifold (M, L) is asymptotically
Chow—Mumford stable, we are asked whether there exist Kdhler metrics of constant
scalar curvature in ¢1(L)g. For simplicity, we consider the case where H is trivial.
Then by Fact 3 the equation

,Bq,a) =0 (9)

has solutions (g, ) = (1/m, w,,), m > 1, while each w,, is an m-th balanced metric
for (M, L). Moreover, the triviality of H implies that w,, is the only m-th balanced
metric for (M, L). Then we are led to study the graph

& = {(Qaw); ,Bq,w =0}
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in C x K, where K is the space of all Kéhler metrics in the class ¢;(L)r. Let #¢,
M be the sets of all Hermitian metrics for L, V,,, respectively. Consider the Fréchet
derivative Dy, B4, at (g, w) = (1/m, ) € &, where m >> 1. With the same setting
of differentiability as in Section 6, the Fréchet derivative will be shown to be invertible.

Let us give a rough idea how the invertibility can be proved. It suffices to show
that the operator D,, By, ., is invertible at ® = w;,. Choose a Hermitian metric A,
for L such that ¢;(L; hy;) = wy. Pt ¥ := {¢y € C®(M)r; fM Yo, = 0}. Let
¢ € V. Then the R-orbit in # through A, written in the form

he =€ "®hy, 1R, (10)

projects to the R-orbit wy ; := wy ++/—11 85(/), t € R, in X through w,,. Note also
that every Hermitian metric & for L induces a Hermitian pairing (, ), which will be

denoted b~y Vi, fz) (cf. Section 4). Choose an orthonormal basis {01, 02, ..., 0N, }
for (V,,;, hy,). Let @ be the space of all ¢ € W such that

(d/dt)(hy =0 =0 on V.

In other words, if ¢ € ® then the~basis {o1, 02, ..., 0n,} infinitesimally remains to
be an orthonormal basis for (V,, hy ) at t = 0 with ¢ perturbed a little. Since

2 2 2
Bm,w = |01|h + |02|h +---+ |GN,n|h

is obtained from the contraction of ¥ := 0101 + 0202 + - -- + on,,0n,, by 2", and
since X is fixed by the infinitesimal action (d/dt)(hy ) at t = 0 in (10), we obtain

(d/dt)(Bm,w, )ir=0 = (d/d1)(hy )ji=0 = —mg. (11)

Let H denote the set of all Hermitian metrics on the vector space V;,,. Then we have
a natural projection 7 : W — T H defined by

(d/dt)(hy.)ji=o > (d/dt)(hy.0)ji=o-

In view of dim H < o0, it is now easy to see that this map is surjective. Since the
kernel of this map is ¢, we obtain

V/o=T; H (12)

Finally by (11) and (12), the uniqueness of the m-th balanced metric (by H = {1}) im-
plies the required invertibility of the Fréchet derivative (see also Donaldson [16]). O

Now we can apply the implicit function theorem to obtain an open neighborhood U
of 1/m in C such that, for each £ € U, there exists a unique Kéhler metric @ (§) in
c1(L)r satisfying Be ) = 0.

Assuming non-existence of Kihler metrics of constant scalar curvature, we have
some possibility that, by an argument as in Nadel, destabilizing objects are obtained
by studying the behavior of the solutions along the boundary point of &.
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Finally, there are many interesting topics, which are related to ours, such as the
geometry of Kéhler potentials [10], [9], [38], [40] (see also [28]). The uniqueness of
extremal Kéhler metrics modulo the action of holomorphic automorphisms in compact
cases is recently given in [12] (cf. [2], [14]). New obstructions to semistability of
manifolds or to the existence of extremal metrics are done by [19], [29], [12]. The
concept of K-stability, introduced by Tian [45] and reformulated by Donaldson [15], is
deeply related to the Hilbert—-Mumford stability criterion, and various kinds of works
are actively done related to algebraic geometry.

References

[1] Aubin, T., Non-linear Analysis on Manifolds. Grundlehren Math. Wiss. 252, Springer-
Verlag, New York 1982.

[2] Bando, S., Mabuchi, T., Uniqueness of Einstein Kihler metrics modulo connected group
actions. In Algebraic Geometry (Sendai, 1985) Adv. Stud. Pure Math. 10, Kinokuniya and
North-Holland, Tokyo and Amsterdam 1987, 11-40.

[3] Boutet de Monvel, L., Sjostrand, J., Sur la singularité des noyaux de Bergman et de Szego.
In Equations aux Dérivées Partielles de Rennes 1975, Astérisque 34-35 (1976), 123—164.

[4] Catlin, D., The Bergman kernel and a theorem of Tian. In Analysis and Geometry in Several
Complex Variables (ed. by G. Komatsu, M. Kuranishi), Trends in Math., Birkhduser, Boston
1999, 1-23.

[5] Calabi, E., The space of Kihler metrics. In Proceedings of the International Congress of
Mathematicians (Amsterdam, 1954), Vol. I, Erven P. Noordhoff N.V. and North-Holland
Publishing Co., Groningen and Amsterdam 1956, 206-207.

[6] Calabi, E., On Kéhler manifolds with vanishing canonical class. In Algebraic Geometry and
Topology (A symposium in honor of S. Lefschety), Princeton University Press, Princeton,
NJ, 1955, 78-89.

[7] Calabi, E., Improper affine hyperspheres of convex type and a generalization of a theorem
by K. Jorgens. Michigan Math. J. 5 (1958), 105-126.

[8] Calabi, E., Extremal Kahler metrics II. In Differential Geometry and Complex Analysis
(ed. by I. Chavel, H. M. Farkas), Springer-Verlag, Berlin 1985, 95-114.

[9] Calabi, E., Chen X., The space of Kéhler metrics, II. J. Differential Geom. 61 (2002),
173-193.

[10] Chen, X., The space of Kéhler metrics. J. Differential Geom. 56 (2000), 189-234.

[11] Chen, X., Tian G., Ricci flow on Kaihler-Einstein surfaces. Invent. Math. 147 (2002),
487-544.

[12] Chen, X., Tian G., Uniqueness of extremal Kéhler metrics. C. R. Acad. Sci. Paris 340
(2005), 287-290.

[13] Donaldson, S. K., Infinite determinants, stable bundles and curvature. Duke Math. J. 54
(1987), 231-247.

[14] Donaldson, S. K., Scalar curvature and projective embeddings, 1. J. Differential Geom. 59
(2001), 479-522.



Extremal metrics and stabilities on polarized manifolds 825

[15]

(16l

[17]
(18]

[19]

(20]
(21]

[22]

[23]

(24]

[25]

[26]

[27]

(28]

[29]

[30]
(31]

[32]

(33]

(34]

[35]
[36]

[37]

Donaldson, S. K., Scalar curvature and stability of toric varieties. J. Differential Geom. 62
(2002), 289-349.

Donaldson, S. K., Scalar curvature and projective embeddings, II. Quart. J. Math. 56
(2005), 345-356.

Fogarty, J., Truncated Hilbert functors. J. Reine und Angew. Math. 234 (1969) 65-88.

Futaki, A., An obstruction to the existence of Einstein Kihler metrics. Invent. Math. 73
(1983), 437-443.

Futaki, A., Asymptotic Chow semi-stability and integral invariants. Internat. J. Math. 15
(2004), 967-979.

Gieseker, D., Global moduli for surfaces of general type. Invent. Math. 43 (1977), 233-282.

Hirachi, K., Zelditch expansion. A private note on the homepage http://www.ms.u-
tokyo.ac.jp/ hirachi/papers, 1999.

Kobayashi, S., Differential Geometry of Complex Vector Bundles. Publ. Math. Soc. Japan
14, Iwanami and Princeton University Press, Tokyo and Princeton 1987.

Lichnerowicz, A., Sur les transformations analytiques des variétés kihlériennes. C. R. Acad.
Sci. Paris 244 (1957), 3011-3014.

Lu, Z., On the lower order terms of the asymptotic expansion of Tian-Yau-Zelditch Amer.
J. Math. 122 (2000), 235-273.

Liibke, M., Stability of Einstein-Hermitian vector bundles. Manuscripta Math. 42 (1983),
245-257.

Luo, H., Geometric criterion for Gieseker-Mumford stability of polarized manifolds. J.
Differential Geom. 49 (1998), 577-599.

Liibke, M., Teleman, T., The Kobayashi-Hitchin Correspondence. World Scientific, Singa-
pore 1995.

Mabuchi, T., Some symplectic geometry on compact Kihler manifolds (I). Osaka J. Math.
24 (1987), 227-252.

Mabuchi, T., An obstruction to asymptotic semistability and approximate critical metrics.
Osaka J. Math. 41 (2004), 463-472.

Mabuchi, T., Stability of extremal Kéhler manifolds. Osaka J. Math. 41 (2004), 563-582.

Mabuchi, T., An energy-theoretic approach to the Hitchin-Kobayashi correspondence for
manifolds, I. Invent. Math. 159 (2005), 225-243.

Mabuchi, T., An energy-theoretic approach to the Hitchin-Kobayashi correspondence for
manifolds, II. arxiv: math.DG/0410239.

Mabuchi, T., The Chow-stability and Hilbert-stability in Mumford’s geometric invariant
theory. In preparation.

Matsushima, Y., Sur la structure du groupe d’homéomorphismes analytiques d une certaine
variété kihlérienne. Nagoya Math. J. 11 (1957), 145-150.

Mumford, D., Stability of projective varieties. L’Enseignment Math. 23 (1977), 39-110.

Mumford, D., Fogarty, J., Kirwan, F., Geometric Invariant Theory. 3rd enlarged ed., Ergeb.
Math. Grenzgeb. 34, Springer-Verlag, Berlin 1994.

Nadel, A. M., Multiplier ideal sheaves and Kiahler-Einstein metrics of positive scalar cur-
vature. Ann. of Math. 132 (1990), 549-596.



826

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

(50]

(51]

(52]

Toshiki Mabuchi

Phong, D. H., Sturm, J., Stability, energy functional, and Kahler-Einstein metrics. Comm.
Anal. Geom. 11 (2003), 565-597.

Phong, D. H., Sturm, J., Scalar curvature, moment maps, and the Deligne pairing. Amer. J.
Math. 126 (2004), 693-712.

Semmes, S., Complex Monge-Ampere and symplectic manifolds. Amer. J. Math. 114
(1992), 495-550.

Siu, Y. T., The existence of Kéhler-Einstein metrics on manifolds with anticanonical line
bundle and a suitable finite symmetry group. Ann. of Math. 127 (1988), 585-627.

Tian, G., On Kihler-Einstein metrics on certain Kihler manifolds with C1 (M) > 0. Invent.
Math. 89 (1987), 225-246.

Tian, G., On a set of polarized Kihler metrics on algebraic manifolds. J. Differential Geom.
32 (1990), 99-130.

Tian, G., On Calabi’s conjecture for complex surfaces with positive first Chern class. Invent.
Math. 101 (1990), 101-172.

Tian, G., Kdhler-Einstein metrics with positive scalar curvature. Invent. Math. 130 (1997),
1-37.

Tian, G., Yau S.-T., Kéhler-Einstein metrics on complex surfaces with C; > 0. Comm.
Math. Phys. 112 (1987), 175-203.

Uhlenbeck, K., Yau S.-T., On the existence of Hermitian-Yang-Mills connections in stable
vector bundles. Comm. Pure Appl. Math. 39 (1986), S257-S293.

Viehweg, E., Quasi-projective moduli for polarized manifolds. Ergeb. Math. Grenzgeb. (3)
30, Springer-Verlag, Berlin 1995.

Yau S.-T., On the Ricci curvature of a compact Kihler manifold and the complex Monge-
Ampere equation I. Comm. Pure Appl. Math. 31 (1978), 339-411.

Zelditch, S., Szego kernels and a theorem of Tian. Internat. Math. Res. Notices. 6 (1998),
317-331.

Zhang, S., Heights and reductions of semi-stable varieties. Compositio Math. 104 (1996),
77-105.

Wang, X.-J., Zhu, X., Kihler-Ricci solitons on toric manifolds with positive first Chern
class. Adv. Math. 188 (2004), 87-103.

Department of Mathematics, Osaka University, Toyonaka, Osaka, 560-0043 Japan
E-mail: mabuchi @math.sci.osaka-u.ac.jp



