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Abstract. In this article the authors review what the Floer homology is and what it does in sym-
plectic geometry both in the closed string and in the open string context. In the first case, the
authors will explain how the chain level Floer theory leads to the C° symplectic invariants of
Hamiltonian flows and to the study of topological Hamiltonian dynamics. In the second case, the
authors explain how Floer’s original construction of Lagrangian intersection Floer homology is
obstructed in general as soon as one leaves the category of exact Lagrangian submanifolds. They
will survey the construction of the Floer complex and describe its obstruction in terms of the
filtered Ao-algebras. This can be promoted to the level of A, -category (Fukaya category) of
symplectic manifolds. Some applications of this general machinery to the study of the topology
of Lagrangian embeddings in relation to symplectic topology and to mirror symmetry are also
reviewed.

Mathematics Subject Classification (2000). Primary 53D40; Secondary 14J32.

Keywords. Floer homology, Hamiltonian flows, Lagrangian submanifolds, A -structure, mir-
ror symmetry.

1. Prologue

The Darboux theorem in symplectic geometry manifests flexibility of the group of
symplectic transformations. On the other hand, the following celebrated theorem of
Eliashberg [El1] revealed subtle rigidity of symplectic transformations: The subgroup
Symp(M, w) consisting of symplectomorphisms is closed in Diff (M) with respect to
the C°-topology.

This demonstrates that the study of symplectic topology is subtle and interesting.
Eliashberg’s theorem relies on a version of non-squeezing theorem as proven by
Gromov [Gr]. Gromov [Gr] uses the machinery of pseudo-holomorphic curves to
prove his theorem. There is also a different proof by Ekeland and Hofer [EH] of the
classical variational approach to Hamiltonian systems. The interplay between these
two facets of symplectic geometry has been the main locomotive in the development of
symplectic topology since Floer’s pioneering work on his ‘semi-infinite’ dimensional
homology theory, now called the Floer homology theory.
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As in classical mechanics, there are two most important boundary conditions in re-
lation to Hamilton’s equation x = X g (¢, x) on a general symplectic manifold: one is
the periodic boundary condition y (0) = y (1), and the other is the Lagrangian bound-
ary condition y(0) € Lg, y(1) € L for a given pair (Lg, L1) of two Lagrangian
submanifolds: A submanifold i: L < (M, w) is called Lagrangian if i*» = 0 and
dim L = 1 dim M. The latter replaces the two-point boundary condition in classical
mechanics.

In either of the above two boundary conditions, we have a version of the least
action principle: a solution of Hamilton’s equation corresponds to a critical point
of the action functional on a suitable path space with the corresponding boundary
condition. For the periodic boundary condition we consider the free loop space

LM ={y: S' > M},
and for the Lagrangian boundary condition we consider the space of paths connecting
Q(Lo, L) ={y: [0, 1] > M | y(0) € Lo, y(1) € L1}.

Both LM and ©2(Lg, L1) have countable number of connected components. For the
case of L M, it has a distinguished component consisting of the contractible loops. On
the other hand, for the case of 2(Lg, L1) there is no such distinguished component
in general.

Daunting Questions. For a given time dependent Hamiltonian H = H (¢, x) on
(M, ), does there exist a solution of the Hamilton equation x = X g (¢, x) with the
corresponding boundary conditions? If so, how many different ones can exist?

One crucial tool for the study of these questions is the least action principle.
Another seemingly trivial but crucial observation is that when H = 0 for the closed
case and when L1 = L¢ (and H = 0) for the open case, there are “many” solutions
given by constant solutions. It turns out that these two ingredients, combined with
Gromov’s machinery of pseudo-holomorphic curves, can be utilized to study each of
the above questions, culminating in Floer’s proof of Arnold’s conjecture for the fixed
points [FI2], and for the intersection points of L with its Hamiltonian deformation
¢ }1 (L) [F11] for the exact case respectively.

We divide the rest of our exposition into two categories, one in the closed string
and the other in the open string context.

2. Floer theory of Hamiltonian fixed points

2.1. Construction. On a symplectic manifold (M, w), for each given time-periodic
Hamiltonian H i.e., H with H(¢, x) = H(t + 1, x), there exists an analog + g to the
classical action functional defined on a suitable covering space of the free loop space.
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To exploit the fact that in the vacuum, i.e., when H = 0, we have many constant
solutions all lying in the distinguished component of the free loop space L£L(M),

LoM) ={y:[0,1] > M | y(0) = y(1), y contractible}

one studies the contractible periodic solutions and so the action functional on Lo (M).
The covering space, denoted by £L(M), is realized by the set of suitable equivalence
classes [z, w] of the pair (z, w) where z: S!' > Misa loop and w: D? > Misa
disc bounding z. Then Ay is defined by

1
Ay [z, w]) = —/w*a) —/ H(t, y(t))dt. 2.1
0

This reduces to the classical action [ pdg — H dt if we define the canonical symplectic
formas wy = ) _; dq’ A dpj on the phase space R?" = T*R".

To do Morse theory, one needs to introduce a metric on 2 (M), which is done by
introducing an almost complex structure J that is compatible to w (in that the bilinear
form g; := w(-, J-) defines a Riemannian metric on M) and integrating the norm of
the tangent vectors of the loop . To make the Floer theory a more flexible tool to
use, one should allow this J to be time-dependent.

A computation shows that the negative L>?-gradient flow equation of the action
functional for the path u: R x S! — M is the following nonlinear first order partial

differential equation
u (" xuaw) =0 2.2)
ot g  CHLW )= '

The rest points of this gradient flow are the periodic orbits of x = Xy (¢, x). Note
that when H = 0, this equation becomes the pseudo-holomorphic equation
5,(u)=a—”+13—”=0 (2.3)
at at
which has many constant solutions. Following Floer [F12], for each given nondegen-
erate H, i.e., one whose time-one map ¢}q has the linearization with no eigenvalue 1,
we consider a vector space CF(H) consisting of Novikov Floer chains

Definition 2.1. For each formal sum

B= Y agwlzwl azw €Q (2.4)

[z,w]€CritAy
we define the support of B by the set
supp B8 = {[z, w] € Crit Ay | afz,w) 7 0in (2.4)}.
We call 8 a Novikov Floer chain or (simply a Floer chain) if it satisfies the condition
#{[z, w] € supp B | An([z, w]) = A} <00
for all A € R and define CF (H) to be the set of Novikov Floer chains.
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CF (H) can be considered either as a Q-vector space or a module over the Novikov
ring A, of (M, w). Each Floer chain 8 as a Q-chain can be regarded as the union
of “unstable manifolds” of the generators [z, w] of 8, which has a ‘peak’. There is
the natural Floer boundary map 0 = 9y, s): CF(H) — CF(H) i.e., a linear map
satisfying 00 = 0. The pair (CF(H), 9(g,s)) is the Floer complex and the quotient

HF*(H, J; M) = ker 8(H,J)/im 3(;[,])

is the Floer homology. By now the general construction of this Floer homology
has been carried out by Fukaya—Ono [FOn], Liu-Tian [LT1], and Ruan [Ru] in its
complete generality, after the construction had been previously carried out by Floer
[F12], Hofer—Salamon [HS] and by Ono [On] in some special cases.

The Floer homology HF .(H, J; M) also has the ring structure arising from the
pants product, which becomes the quantum product on H*(M) in “vacuum”, i.e.
when H = 0. The module H*(M) ® A, with this ring structure is the quantum
cohomology ring denoted by QH*(M). We denote by a - b the quantum product of
two quantum cohomology classes a and b.

2.2. Spectral invariants and spectral norm. Knowing the existence of periodic
orbits of a given Hamiltonian flow, the next task is to organize the collection of the
actions of different periodic orbits and to study their relationships.

We first collect the actions of all possible periodic orbits, including their quantum
contributions, and define the action spectrum of H by

Spec(H) := {An([z. w]) € R | [z, w] € Q(M), dAy([z.w) =0} (2.5

i.e., the set of critical values of A : fo(M ) — R. In general this set is a countable
subset of R on which the (spherical) period group I',, acts. Motivated by classical
Morse theory and mini-max theory, one would like to consider a sub-collection of
critical values that are homologically essential: each non-trivial cohomology class
gives rise to a mini-max value, which cannot be pushed further down by the gradient
flow. One crucial ingredient in the classical mini-max theory is a choice of semi-
infinite cycles that are linked under the gradient flow.

Applying this idea in the context of chain level Floer theory, Oh generalized his
previous construction [Oh4], [Oh5] to the non-exact case in [Oh8], [Oh10]. We define
the level of a Floer chain 8 by the maximum value

AH(B) = {?iﬁ{AH([Z, w]) | [z, w] € supp B}. (2.6)
Now for each a € QH¥(M) and a generic J, Oh considers the mini-max values
p(H, J;a) =inf(hy(a) |« € CF, (H), dpa =0, [l =a’} (27
o

where 2n = dim M and proves that this number is independent of J [Oh8]. The
common number denoted by p(H; a) is called the spectral invariant associated to
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the Hamiltonian H relative to the class a € QH*(M). The collection of the values
p(H; a) extend to arbitrary smooth Hamiltonian function H, whether H is nonde-
generate or not, and satisfy the following basic properties.

Theorem 2.2 ([OhS8], [Oh10]). Let (M, w) be an arbitrary closed symplectic mani-
fold. For any given quantum cohomology class 0 # a € QH*(M), we have a continu-
ous function denotedby p = p(H; a): Co ([0, 1]1x M) x (QH*(M)\{0}) — Rwhich
satisfies the following axioms. Let H, F € C5°([0, 1] x M) be smooth Hamiltonian
functions and a # 0 € QH*(M). Then we have:

1. (Projective invariance) p(H; Aa) = p(H; a) for any 0 # A € Q.

2. (Normalization) For a quantum cohomology class a, we have p(0; a) = v(a)
where 0 is the zero function and v(a) is the valuation of a on QH*(M).

3. (Symplectic invariance) p(n*H; a) = p(H; a) for any n € Symp(M, w).
4. (Homotopy invariance) For any H, K with [H] = [K], p(H; a) = p(K; a).
5. (Multiplicative triangle inequality) p(H#F; a - b) < p(H; a) + p(F; b).

6. (Co—continuity) |p(H; a) — p(F;a)| < ||H — F|. In particular, the function
Pa: H— p(H;a)is CO-continuous.

7. (Additive triangle inequality) p(H; a + b) < max{p(H; a), p(H; b)}.

Under the canonical one-one correspondence between (smooth) H (satisfying
f » Hr = 0) and its Hamiltonian path ¢p: ¢ — qb}l, we denote by [H] the path-
homotopy class of the Hamilton@ path ¢y : [0, 1] - Ham(M, w); ¢y (t) = (f)ﬁq
with fixed end points, and by Ham(M, w) the set of [H]’s which represents the
universal covering space of Ham (M, w).

This theorem generalizes the results on the exact case by Viterbo [V2], Oh [Oh4],
[Oh5] and Schwarz [Sc] to the non-exact case. The axioms 1 and 7 already hold at the
level of cycles or for Ay and follow immediately from its definition. All other axioms
are proved in [Oh8] except the homotopy invariance for the irrational symplectic
manifolds which is proven in [Oh10]. The additive triangle inequality was explicitly
used by Entov and Polterovich in their construction of some quasi-morphisms on
Ham(M, w) [EnP]. The axiom of homotopy invariance implies that p(-; a) projects
down to Ham(M, o). It is a consequence of the following spectrality axiom, which
is proved for any H on rational (M, w) in [Oh8] and just for nondegenerate H on
irrational (M, w) [Oh10]:

8. (Nondegenerate spectrality) For nondegenerate H, the mini-max values p(H; a)
lie in Spec(H), i.e. they are critical values of Ay for alla € QH* (M) \ {0}.

The following is still an open problem.
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Question 2.3. Let (M, w) be a irrational symplectic manifold, i.e., the period group
'y = {w(A) | A € mp(M)} be a dense subgroup of R. Does p(H; a) still lie in
Spec(H) for all a # 0 for degenerate Hamiltonian H?

It turns out that the invariant p (H; 1) can be used to construct a canonical invariant
norm on Ham (M, w) of the Viterbo type which is called the spectral norm. To describe
this construction, we start by reviewing the definition of the Hofer norm ||¢| of a
Hamiltonian diffeomorphism ¢.

There are two natural operations on the space of Hamiltonians H: one the inverse
H +— H where H is the Hamiltonian generating the inverse flow (¢>;1,)_1 and the
product (H, F) — H # F where H # F is the one generating the composition flow
q&;{ o gb}. Hofer [H] introduced an invariant norm on Ham (M, w). Hofer also con-
sidered its L(1:>-version ||¢| defined by

1
Ioll = inf [HI; [H] =/ (max H, — min H,) di
H—¢ 0

where H — ¢ stands for ¢ = ¢}q. We call |H|| the L1 -norm of H and ||¢|| the
LY-%) Hofer norm of ¢.

Making use of the spectral invariant p(H; 1), Oh defined in [Oh9] a function
y: CX([0,1] x M) — Rby

y(H) = p(H; 1)+ p(H; 1)

on C,°([0, 1] x M), whose definition is more fopological than || H||. For example, y
canonically projects down to a function on Ham (M, w) by the homotopy invariance
axiom while || H || does not. Obviously y (H) = y(ﬁ). The inequality y (H) < || H||
was also shown in [Oh4], [Oh9] and the inequality y (H) > 0follows from the triangle
inequality applied to a = b = 1 and from the normalization axiom p(0; 1) = 0.

Now we define a non-negative function y: Ham(M, w) — Ry by y(¢) =
inf g ¢ ¥ (H). Then the following theorem is proved in [Oh9].

Theorem 2.4 ([Oh9]). Let (M, w) be any closed symplectic manifold. Then
y: Ham(M, w) — R4

defines a (non-degenerate) norm on Ham(M, w) which satisfies the following addi-
tional properties:

1. y(n~'on) = y(¢) for any symplectic diffeomorphism n;

2. y@H=y@) v <ol

Oh then applied the function y = y (H) to the study of the geodesic property of
Hamiltonian flows [Oh7], [Oh9].
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Another interesting application of spectral invariants is a new construction of
quasi-morphisms on Ham(M, w) carried out by Entov and Polterovich [EnP]. Recall
that for a closed (M, w), there exists no non-trivial homomorphism to R because
Ham(M, w) is a simple group [Ba]. However for a certain class of semi-simple
symplectic manifolds, e.g. for (Sz, w), (52 x S2 0 ® w), (CP", wrs), Entov and
Polterovich [EnP] produced non-trivial quasi-morphisms, exploiting the spectral in-
variants p (e, -) corresponding to a certain idempotent element e of the quantum co-
homology ring QH*(M).

It would be an important problem to unravel what the true meaning of Gromov’s
pseudo-holomorphic curves or of the Floer homology in general is in regard to the
underlying symplectic structure.

3. Towards topological Hamiltonian dynamics

We note that the construction of spectral invariants largely depends on the smooth-
ness (or at least differentiability) of Hamiltonians H because it involves the study of
Hamilton’s equation x = Xpg (¢, x). If H is smooth there is a one-one correspon-
dence between H and its flow ¢},. However this correspondence breaks down when
H does not have enough regularity, e.g., if H is only continuous or even C! because
the fundamental existence and uniqueness theorems of ODE’s fail.

However the final outcome p (H; a) still makes sense for and can be extended to
a certain natural class of C%-functions H. Now a natural questions to ask is:

Question 3.1. Can we define the notion of topological Hamiltonian dynamical sys-
tems? If so, what is the dynamical meaning of the numbers p(H; a) when H is just
continuous but not differentiable?

These questions led to the notions of topological Hamiltonian paths and Hamil-
tonian homeomorphisms in [OM].

Definition 3.2. A continuous path A: [0, 1] — Homeo(M) with A(0) = id is called
a topological Hamiltonian path if there exists a sequence of smooth Hamiltonians
H;:[0,1] x M — R such that

1. H; converges in the L(1:°-topology (or Hofer topology) of Hamiltonians, and
2. ¢’Hi — A(t) uniformly converges on [0, 1].

We say that the L(-°)-limit of any such sequence H; is a Hamiltonian of the
topological Hamiltonian flow A. The following uniqueness result is proved in [Oh12].

Theorem 3.3 ([Oh12]). Let A be a topological Hamiltonian path. Suppose that there
exist two sequences H; and Hl./ satisfying the conditions in Definition 3.2. Then their
limits coincide as an LY -function.
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The proof of this theorem is a modification of Viterbo’s proof [V3] of a similar
uniqueness result for the C° Hamiltonians, combined with a structure theorem of topo-
logical Hamiltonians which is also proven in [Oh12]. An immediate corollary is the
following extension of the spectral invariants to the space of topological Hamiltonian
paths.

Definition 3.4. Suppose A is atopological Hamiltonian path and let H; be the sequence
of smooth Hamiltonians that converges in L(!->-topology and whose associated
Hamiltonian path ¢y, converges to A uniformly. We define

p(r;a) = lim p(H;;a).
1—> 00

The uniqueness theorem of topological Hamiltonians and the L(>) continuity
property of p imply that this definition is well defined.

Definition 3.5. A homeomorphism 4 of M is a Hamiltonian homeomorphism if there
exists a sequence of smooth Hamiltonians H;: [0, 1] x M — R such that

1. H; converges in the L% topology of Hamiltonians, and

2. the Hamiltonian path ¢y, : t — ¢>;il_ uniformly converges on [0, 1] in the C°-
topology of Homeo(M), and ¢}{i — h.

We denote by Hameo(M, w) the set of such homeomorphisms.

Motivated by Eliashberg’s rigidity theorem we also define the group Sympeo(M, w)
as the subgroup of Homeo(M) consisting of the C°-limits of symplectic diffeomor-
phisms. Then Oh and Miiller [OM] proved the following theorem.

Theorem 3.6 ([OM]). Hameo(M, w) is a path-connected normal subgroup of
Sympeoy (M, w), the identity component of Sympeo(M, w).

One can easily derive that Hameo(M, w) is a proper subgroup of Sympeo, (M, w)
whenever the so-called mass flow homomorphism [Fa] is non-trivial or there exists
a symplectic diffeomorphism that has no fixed point, e.g., 72" [OM]. In fact, we
conjecture that this is always the case.

Conjecture 3.7. The group Hameo(M, w) is a proper subgroup of Sympeoy (M, w)
for any closed symplectic manifold (M, w).

A case of particular interest is the case (M, w) = (5%, w). In this case, together
with the smoothing result proven in [Oh11], the affirmative answer to this conjecture
would yield a negative response to the following open question in area preserving
dynamical systems. See [Fa] for the basic theorems on the measure preserving home-
omorphisms in dimension greater than or equal to 3.

Question 3.8. Is the identity component of the group of area preserving homeomor-
phisms on S? a simple group?
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4. Floer theory of Lagrangian intersections

Floer’s original definition [F11] of the homology HF (Lo, L1) of Lagrangian subman-
ifolds meets many obstacles when one attempts to generalize his definition beyond
the exact cases, i.e. the case

Lo=L, Ly=¢() with ma(M, L) = {0}.

In this exposition we will consider the cases of Lagrangian submanifolds that are not
necessarily exact. In the open string case of Lagrangian submanifolds one has to
deal with the phenomenon of bubbling-off discs besides bubbling-off spheres. One
crucial difference between the former and the latter is that the former is a phenomenon
of codimension one while the latter is of codimension two. This difference makes
the general Lagrangian intersection Floer theory show a very different perspective
compared to the Floer theory of Hamiltonian fixed points. For example, for the
intersection case in general, one has to study the theory in the chain level, which forces
one to consider the chain complexes themselves. Then the meaning of invariance of
the resulting objects is much more non-trivial to define compared to that of Gromov—
Witten invariants for which one can work in the level of homology.

There is one particular case that Oh singled out in [Oh1] for which the original
version of Floer cohomology is well defined and invariant just under the change of
almost complex structures and under the Hamiltonian isotopy. This is the case of
monotone Lagrangian submanifolds with minimal Maslov number £ > 3:

Definition 4.1. A Lagrangian submanifold L C (M, w) is monotone if there exists
a constant A > O such that w(A) = Au(A) for all elements A € mp(M, L). The
minimal Maslov number is defined by the integer

X =minfu(B) | B € m2(M, L), u(p) > 0}.

We will postpone further discussion on this particular case until later in this survey
but proceed with describing the general story now.

To obtain the maximal possible generalization of Floer’s construction, it is crucial
to develop a proper off-shell formulation of the relevant Floer moduli spaces.

4.1. Off-shell formulation. We consider the space of paths
Q=Q(Ly, L) ={€:[0,1] > P |£(0) € Lo, £(1) € L1}.

On this space we are given the action one-form « defined by

1

a(ﬂ)(S)Z/O w(£(1), (1)) dt

for each tangent vector £ € Ty<2. From this expression it follows that

Zero(a) ={€p : [0,1] > M| peLonNLy, £,=p}
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Using the Lagrangian property of (Lo, L1), a straightforward calculation shows that
this form is closed. Note that 2(Lg, L1) is not connected but has countably many
connected components. We will work on a particular fixed connected component of
Q (Lo, L1). We pick up a based path £y € Q(Lg, L1) and consider the corresponding
component 2(Lo, L1; £p), and then define a covering space

2 Q(Lo, Ly; £0) = (Lo, L1; £o)

on which we have a single valued action functional such that ds4 = —7*«. One can
repeat Floer’s construction similarly as in the closed case replacing «£o(M) by the
chosen component of the path space Q2 (Lg, L1). We refer to [FOOO] for the details of
this construction. We then denote by I1(Lg, L1; £¢) the group of deck transformations.
We define the associated Novikov ring A(Lg, L1; £9) as a completion of the group

ring Q[IT(Lo, L1; £o)].
Definition 4.2. A (Lo, L1; £o) denotes the set of all (infinite) sums

Y aglel

gel(Lg,Ly:Lp)
n(g)=k

with a; € Q and such that for each C € R,
#{g € I1(Lo, L1; €o) | E(g) < C, ag # 0} < o0.
We put A(Lo, L1; £o) = @, Ax(Lo, Li; £o).

We call this graded ring the Novikov ring of the pair (Lo, L) relative to the path £y.
Note that this ring depends on L and £(. In relation to mirror symmetry one needs
to consider a family of Lagrangian submanifolds and to use a universal form of this
ring. The following ring was introduced in [FOOO], which plays an important role
in the rigorous formulation of homological mirror symmetry conjecture.

Definition 4.3 (Universal Novikov ring). We define
(@]

Anov = { ZaiT}hi
i=1

00
A(),nov = { ZaiT)Li € Anoy

i=1

ai € Q, i €R, A < Ajyp, lim A =oo}, 4.1)
11— 00

o> 0}. 4.2)

In the above definitions of Novikov rings, one can replace Q by other commutative
rings with unit, e.g. Z, Z, or Q[e] with a formal variable e.
There is a natural filtration on these rings by the valuation v: Apoy, Agnov = R

defined by
o0
U(Zaiﬂf) = 4.3)
i=1



Floer homology in symplectic geometry and in mirror symmetry 889

This is well defined by the definition of the Novikov ring and induces a filtration
F*Anoy := v 1([A, 00)) on Apoy. The function e™: Apgy — R also provides a
natural non-Archimedean norm on A,qy. We call the induced topology on Apy a
non-Archimedean topology.

We now assume that L intersects L transversely and form the Q-vector space
CF (Lo, Ly) over the set spang Crit » similarly as CF(H). Now let p, g € LoN L.
We denote by m2(p, g) = m2(p, q; Lo, L1) the set of homotopy classes of smooth
maps u: [0, 1] x [0, 1] — M relative to the boundary

u0,)=p, u(l,t)=q; u(s,0)€ Lo, u(s,1)elLy,

by [u] € m2(p, q) the homotopy class of u, and by B a general element in 72 (p, g).
For given B € m(p,q) we denote by Map(p, ¢; B) the set of such w’s in the
class B. Each element B € m3(p, ¢) induces a map given by the obvious gluing map
[p, w] — [g, w# u] for u € Map(p, q; B). There is also the natural gluing map

m(p,q) X (g, r) — m(p,r)

induced by the concatenation (uy, up) — uy # us.

4.2. Floer moduli spaces and Floer operators. Now for each given J = {J;}o<s<1
and B € m(p, q) we define the moduli space M(p, g; B) consisting of finite energy
solutions of the Cauchy—Riemann equation

d d
&y g o
u(t,0) € Lo, u(t,1) € Ly, [u*w < o0

with the asymptotic condition and the homotopy condition
u(—o0,) =p, wu(0,)=gq; [u]=B.

We then define M(p, q; B) = M (p, g; B)/R the quotient by the t-translations and
a collection of rational numbers n(p, q; J, B) = #(M(p, q; J, B)) whenever the
expected dimension of M(p, g; B) is zero. Finally we define the Floer ‘boundary’
map d0: CF(Lo, L1;£9) — CF(Lo, L1; £p) by the sum

ofp,wh= Y Y np.gJ Blgw#Bl. (4.4)

qeLoNL| Bema(p,q)

When a Hamiltonian isotopy {L)}o<s<1 is given one also considers the non-
autonomous version of the Floer equation

{% +Jipm % =0,

/
u(t,0) e L, u(r,1) e Lp(f),
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as done in [Ohl] where p: R — [0, 1] is a smooth function with p(—oc0) = 0,
p(00) = 1 such that p’ is compactly supported and define the Floer ‘chain’ map

h: CF*(Lg, Ly) — CF*(Ly, L}).

However unlike the closed case or the exact case, many things go wrong when one asks
for the property dod = 0 or 9h + hd = 0 especially over the rational coefficients, and
evenwhen HF* (L, qb}{ (L)) is defined, it is not isomorphic to the classical cohomology
H*(L).

In the next three subsections, we explain how to overcome these troubles and
describe the spectral sequence relating HF*(L, ¢}1 (L)) to H*(L) when the former is
defined. All the results in these subsections are joint work with H. Ohta and K. Ono
that appeared in [FOOO], unless otherwise said. We refer to Ohta’s article [Ot] for a
more detailed survey on the work from [FOOO].

4.3. Orientation. We first recall the following definition from [FOOQ].

Definition 4.4. A submanifold L C M is called relatively spin if it is orientable
and there exists a class st € H2(M, Z,) such that st|;, = wy(T L) for the Stiefel-
Whitney class wy (T L) of T L. A pair (Lo, L) is relatively spin if there exists a class
st € HZ(M, Zp) satisfying st|;, = wa(TL;) foreachi =0, 1.

We fix such a class st € H>(M, Z,) and a triangulation of M. Denote by M®
its k-skeleton. There exists a unique rank 2 vector bundle V(st) on M with
wl(V(st)) =0, w*(V(st)) = st. Now suppose that L is relatively spin and L be
the 2-skeleton of L. Then V @ T L is trivial on the 2-skeleton of L.

Definition 4.5. We define a (M, st)-relative spin structure of L to be a spin structure
of the restriction of the vector bundle V @ TL to L.

The following theorem was proved independently by de Silva [Si] and in [FOOO].

Theorem 4.6. The moduli space of pseudo-holomorphic discs is orientable if L C
(M, w) is relatively spin Lagrangian submanifold. Furthermore the choice of rela-
tive spin structure on L canonically determines an orientation on the moduli space
M(L; B) of holomorphic discs for all B € (M, L).

For the orientations on the Floer moduli spaces the following theorem was proved
in [FOOOQ].

Theorem4.7. Let J = {J;}o0<:<1 and suppose that a pair of Lagrangian submanifolds
(Lo, L1) are (M, st)-relatively spin. Then for any p,q € LoN L and B € m2(p, q)
the Floer moduli space M(p, q; B) is orientable. Furthermore a choice of relative
spin structures for the pair (Lo, L1) determines an orientation on M(p, q; B).

One can amplify the orientation to the moduli space of pseudo-holomorphic poly-
gons M (L, p; B), where £ = (Lo, Ly, ..., L) and p = (po1, p12, - - . » pro) With
pij € Li N Lj, and extend the construction to the setting of Ao-category [Ful]. We
refer to [Fu2] for a more detailed discussion on this.
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4.4. Obstruction and A -structure. Let (Lo, L) be a relatively spin pair with
Lo Mt L and fix a (M, st)-relatively spin structure on each L;. To convey the
appearance of obstruction to the boundary property dd = 0 in a coherent way, we
assume in this survey, for simplicity, that all the Floer moduli spaces involved in the
construction are transverse and so the expected dimension is the same as the actual
dimension. For example, this is the case for monotone Lagrangian submanifolds at
least for the Floer moduli spaces of dimension 0, 1 and 2. However, we would like
to emphasize that we have to use the machinery of Kuranishi structure introduced in
[FOn] in the level of chain to properly treat the transversality problem for the general
case, whose detailed study we refer to [FOOO].

We compute d0([p, w]). According to the definition (4.4) of the map d we have
the formula for its matrix coefficients

(@0[p, wl, [, w#Bl) = Y _ > n(p.g:Bn(g.ri By (45)

qeLoNL| B=B1#Byem(p,r)

where B € m(p,q) and By € ma(q,r). To prove dd = 0, one needs to prove
(00[p, w], [r, w # B]) = O for all pairs [p, w], [r, w # B]. On the other hand it
follows from the definition that each summand n(p, g; B1)n(q, r; B2) is nothing but
the number of broken trajectories lying in M(p, q; B1) # M(q, r; B2). The way how
Floer [F11] proved the vanishing of (4.5) under the assumption that

Lo=1L, Ly = ¢} (L); ma(M, L;) =0 (4.6)

is to construct a suitable compactification of the one-dimensional (smooth) moduli
space M(p,r; B) = M(p,r; B)/R in which the broken trajectories of the form
u1 # uy comprise all the boundary components of the compactified moduli space.
By definition, the expected dimension of M (p, r; B) is one and so the compactified
moduli space becomes a compact one-dimensional manifold. Then 90 = 0 follows.

As soon as one goes beyond Floer’s case (4.6), one must consider the problems of
a priori energy bound and bubbling-off discs. As in the closed case the Novikov ring
is introduced to solve the problem of energy bounds. On the other hand, bubbling-off-
discs is a new phenomenon which is that of codimension one and can indeed occur
in the boundary of the compactification of Floer moduli spaces.

To handle the problem of bubbling-off discs, Fukaya—-Oh—Ohta—Ono [FOOO]
associated a structure of filtered A.-algebra (C, m) with non-zero mg-term in general
to each compact Lagrangian submanifold. The notion of A.-structure was first
introduced by Stasheff [St]. We refer to [GJ] for an exposition close to ours with
different sign conventions. The above mentioned obstruction is closely related to the
non-vanishing of mg in this A-structure. A description of this obstruction is now in
order.

Let C be a graded R-module where R is the coefficient ring. In our case R will
be Ag nov- We denote by C[1] its suspension defined by C [11¥ = Ck*!. We denote
by deg(x) = |x| the degree of x € C before the shift and by deg’(x) = |x|’ that after
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the degree shifting, i.e., |x|" = |x| — 1. Define the bar complex B(C[1]) by

Bi(C[1]) = (CID*®,  B(C1]) = @D Bu(CI1)).

k=0
Here Byo(C[1]) = R by definition. We provide the degree of elements of B(C[1]) by

the rule

k k
@@l =) lnl' =) x|l —k (4.7)
i=1 i=1

where | - |" is the shifted degree. The ring B(C[1]) has the structure of a graded
coalgebra.

Definition 4.8. The structure of a (strong) Axc-algebra is a sequence of R-module
homomorphisms

mg: Be(C[1]) — C[1], k=1,2,...,

of degree +1 such that the coderivationd = Y -, Wy satisfies dd = 0, which is called
the Aoo-relation. Here we denote by my: B(C[1]) — B(C[1]) the unique extension
of my as a coderivation on B(C[1]). A filtered Aso-algebra is an Ao-algebra with a
filtration for which my are continuous with respect to the induce non-Archimedean
topology.

In particular, we have mym; = 0 and so it defines a complex (C, mj). We define
the mj-cohomology by

H(C,m;) =ker m;/im mj. 4.8)
A weak Aso-algebra is defined in the same way, except that it also includes
mo: R — B(C[1)).
The first two terms of the A, -relation for a weak Aoo-algebra are given as

mi(mp(1)) =0 4.9)
mym;(x) + (=D may (x, mo(1)) + ma(mo(1), x) = 0. (4.10)

In particular, for the case of weak A o-algebras, m; will not necessarily satisfy the
boundary property, i.e., mjm; # 0 in general.

The way how a weak A,-algebra is attached to a Lagrangian submanifold L C
(M, w) arises as an Ao-deformation of the classical singular cochain complex includ-
ing the instanton contributions. In particular, when there is no instanton contribution
as in the case m(M, L) = 0, it will reduce to an A,-deformation of the singular
cohomology in the chain level including all possible higher Massey product. One
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outstanding circumstance arises in relation to the guantization of rational homotopy
theory on the cotangent bundle 7*N of a compact manifold N. In this case the au-
thors proved in [FOh] that the A ,-subcategory ‘generated’ by such graphs is literally
isomorphic to a certain A;-category constructed by the Morse theory of graph flows.

We now describe the basic A-operators my in the context of A,-algebra of La-
grangian submanifolds. For a given compatible almost complex structure J consider
the moduli space of stable maps of genus zero

Miy1(B; L)
= {(w, (20, 21s...,2k) | Jyw =0, z; € dD?, [w] = Bin T (M, L)}/ ~,

where ~ is the conformal reparameterization of the disc D?. The expected dimension
of this space is given by

n+uB)=3+k+1)=n4+pB) +k—2. 4.11)

Now given k chains
[P, fil, ... [Pk, fil € Ci(L)

of L considered as currents on L, we put the cohomological grading deg P; = n —
dim P; and consider the fiber product

evy: Miy1(B; L) X(ev,....en) (P1 X -+ X Pr) — L.

A simple calculation shows that the expected dimension of this chain is given by

k
n+u)—2+ Y (dimP+1-n)
j=1

or equivalently we have the expected degree

n

deg [Mi+1(B; L) X (evy,....evp) (P1 X -+ X Py), evp| = Z(deg P —1)+2—p(p).
j=1

For each given 8 € mo(M, L) and k = 0, ... we define
M g(P1, ... PO) = [Mig1(B: L) X(evy,....en) (P1 X -+ X Pp), evg]

and Mg = Y 5o vy W8 - qP where gf = T®PB e B)/2 with T, e formal pa-
rameters encoding the area and the Maslov index of 8. We provide 7" with degree 0
and e with 2. Now we denote by C[1] the completion of a suitably chosen count-
ably generated cochain complex with Ag v as its coefficients with respect to the
non-Archimedean topology. Then it follows that the map my: C [11®% — C[1] is
well defined, has degree 1 and is continuous with respect to the non-Archimedean
topology. We extend my as a coderivation my: BC[1] — BC[1] where BC[1] is the
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completion of the direct sum @,fio B*C[1]and where B¥C[1] itself is the completion
of C[1]®%. BC[1] has a natural filtration defined similarly as 4.3. Finally we take the
sum

o.¢]
d =iy BC[1] — BC[1].
k=0
A main theorem then is the following coboundary property.

Theorem 4.9. Let L be an arbitrary compact relatively spin Lagrangian submanifold
of an arbitrary tame symplectic manifold (M, w). The coderivation d is a continu-
ous map that satisfies the Axo-relation dd = 0, and so (C,m) is a filtered weak
Axo-algebra.

One might want to consider the homology of this huge complex, but if one naively
takes the homology of this complex itself, it will end up with getting a trivial group,
which is isomorphic to the ground ring Agnoy. This is because the Ano-algebra
associated to L in [FOOOY] has the (homotopy) unit: if an A;-algebra has a unit, the
homology of dis isomorphic to its ground ring.

A more geometrically useful homology relevant to the Floer homology is the
mj-homology (4.8) in this context, which is the Bott—-Morse version of the Floer
cohomology for the pair (L, L). However in the presence of mp, mim; = 0 no
longer holds in general. Motivated by Kontsevich’s suggestion [K2], this led Fukaya—
Oh-Ohta—Ono to consider deforming Floer’s original definition by a bounding chain
of the obstruction cycle arising from bubbling-off discs. One can always deform
the given (filtered) Ao-algebra (C, m) by an element b € C [11° by re-defining the
Ao-operators as

mZ(m, cox) =me? xp, el xa, el s, x eh)

and taking the sum db = Z,fio fﬁ,’: . This defines a new weak Ao-algebra in general.
Here we simplify the notation by writing

=1+b+b@b+ - +b® - @b+ .

Note that each summand in this infinite sum has degree 0 in C[1] and converges in
the non-Archimedean topology if b has positive valuation, i.e., v(b) > O.

Proposition 4.10. For the Ax-algebra (C, mf), mg = 0 if and only if b satisfies

ka(b, ...,b)=0. 4.12)
k=0

This equation is a version of the Maurer—Cartan equation for the filtered A 5-algebra.

Definition 4.11. Let (C, m) be a filtered weak Ao-algebra in general and BC[1] be
its bar complex. An element b € C[1]° = C! is called a bounding cochain if it
satisfies the equation (4.12) and v(b) > O.
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In general a given Ao-algebra may or may not have a solution to (4.12).

Definition 4.12. A filtered weak A.-algebra is called unobstructed if the equation
(4.12) has a solution b € C[1]° = C! with v(b) > 0.

One can define a notion of homotopy equivalence between two bounding cochains
as described in [FOOO]. We denote by M(L) the set of equivalence classes of
bounding cochains of L.

Once the Ao-algebra is attached to each Lagrangian submanifold L, we then
construct an Aso-bimodule C (L, L") for the pair by considering operators

Nkt C(L, L") - C(L,L")
defined similarly to mg: A typical generator of C(L, L’) has the form
PLi® QP Qlp,wl®P1® & Pri,

and then the image ny, , thereof is given by

> [(MAp. wl (g 'l Pra. ..o, Prigs Pot. ... Pagy). evoo) ] [g. w'].
[q.w']

Here M([p, wl, [g, w']; P11, ..., Pik;s P21, ..., Pak,) is the Floer moduli space

Mp.wllg.wh = |J Mp.gB
lq.w']=lq,w#B]

cut-down by intersecting with the given chains P;; C L and P, ; C L', and the
evaluation map

evoo: M([p, wl, [q, w']; Pi1s..., Piiy; Poi, ..., Pag,) — Crits
is defined by evyo (1) = u(+00).

Theorem 4.13. Let (L, L') be an arbitrary relatively spin pair of compact Lagrangian
submanifolds. Then the family {n, r,} defines a left (C(L), m) and right (C(L"), m')
filtered Aoo-bimodule structure on C(L, L').

In other words, each of the map ny, , extends to a A.-bimodule homomorphism
fig, k, and if we take the sum

d:=) fyu: C(L.L')—> C(L, L,
k1,k2

d satisfies the following coboundary property.

Proposition 4.14. The map d is a continuous map and satisfies dd = 0.
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Again this complex is too big for computational purposes and we would like
to consider the Floer homology by restricting the As.-bimodule to a much smaller
complex, an ordinary Anoy-module CF(L, L’). However Floer’s original definition
again meets obstruction coming from the obstruction cycles of either Lo, L or of
both. We need to deform Floer’s ‘boundary’ map § using suitable bounding cochains of
L, L. The bimodule C (L, L') is introduced to perform this deformation coherently.

In the case where both L, L’ are unobstructed, we can carry out this deforma-
tion of n by bounding chains b; € M(L) and b, € M(L') similarly as m? above.
Symbolically we can write the new operator as

8PP () = n(e?, x, ).

Theorem 4.15. For each by € M(L) and by € M(L'), the map §"1->2 defines a
continuous map sbiba. CE(L, L") — CF(L, L) that satisfies sbr-bagbiba —

This theorem enables us to define the deformed Floer cohomology.

Definition 4.16. For each b € M(L) and b’ € M(L'), we define the (b, b’)-Floer
cohomology of the pair (L, L") by

ker 8102

/ /N. — S
HF((La b)? (L 5b )’ AnOV) - im 5}71,172 ’

Theorem 4.17. The above cohomology remains isomorphic under the Hamiltonian
isotopy of L, L' and under the homotopy of bounding cochains b, b'.

We refer to [FOOQY] and its revised version for all the details of algebraic language
needed to make the statements in the above theorems precise.

4.5. Spectral sequence. The idea of spectral sequence is quite simple to describe.
One can follow more or less the standard construction of the spectral sequence on
the filtered complex, as e.g. in [Mc]. One trouble to overcome in the construction of
the spectral sequence on (C(L), 8) or (C(L, L), §) is that the general Novikov ring,
in particular Ag noy is not Noetherian and so the standard theorems on Noetherian
modules cannot be applied. In addition, the Floer complex is not bounded above
which also makes the proof of convergence of the spectral sequence somewhat tricky.
We refer to [FOOOQ] for a complete discussion on the construction of the spectral
sequence and the study of their convergences.

However for the case of monotone Lagrangian submanifolds, the Novikov ring
becomes a field and the corresponding spectral sequence is much more simplified as
originally carried out by Oh [Oh3] by a crude analysis of thick-thin decomposition
of Floer moduli spaces as two Lagrangian submanifolds collapse to one. Then the
geometric origin of the spectral sequence is the decomposition of the Floer boundary
map § into § = 8o + 81 + &2 + - - - where each §; is the contribution coming from the
Floer trajectories of a given symplectic area in a way that the corresponding area is
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increasing as i — oco. Here § is the contribution from the classical cohomology. In
general this sequence may not stop at a finite stage but it does for monotone Lagrangian
submanifolds. In this regard, we can roughly state the following general theorem:

There exists a spectral sequence whose E*-term is isomorphic to the singular
cohomology H* (L) and which converges to the Floer cohomology HF* (L, L).

See [Oh3] and [FOOOQ] for the details of the monotone case and of the general case
respectively. The above decomposition also provides an algorithm to utilize the spec-
tral sequence in examples, especially when the Floer cohomology is known as for the
case of Lagrangian submanifolds in C". Here are some sample results.

Theorem 4.18 (Theorem II [Oh3]). Let (M, w) be a tame symplectic manifold with
dim M > 4. Let L be a compact monotone Lagrangian submanifold of M and ¢ be
a Hamiltonian diffeomorphism of (M, w) such that L th ¢ (L). Then the following
assertions hold:

1. If S >n+2 HFXL, ¢(L); Zy) = H*(L; Z,) for all k mod X;.
2. If ¥ = n+ 1, the same is true for k # 0,n mod n + 1.

Theorem 4.19 (Theorem 111 [Oh3]).! Let L ¢ C" bea compact monotone Lagrangian
torus. Then we have ¥; = 2 provided 1 < n < 24.

A similar consideration, using a more precise form of the spectral sequence from
[FOOO], proves

Theorem 4.20. Suppose that L C C" is a compact Lagrangian embedding with
H?(L; Z>) = 0. Then its Maslov class iy, is not zero.

The following theorem can be derived from Theorem E [FOOOQO] which should be
useful for the study of intersection properties of special Lagrangian submanifolds on
Calabi—Yau manifolds.

Theorem 4.21. Let M be a Calabi—Yau manifold and L be an unobstructed La-
grangian submanifold with its Maslov class . = 0 in H Y(L; 7). Then we have
HF'(L; Agnov) # Ofori =0, dim L.

For example, any special Lagrangian homology sphere satisfies all the hypothe-
ses required in this theorem. Using this result combined with some Morse theory
argument, Thomas and Yau [TY] proved the following uniqueness result of special
Lagrangian homology sphere in its Hamiltonian isotopy class

Theorem 4.22 (Thomas-Yau). For any Hamiltonian isotopy class of embedded La-
grangian submanifold L with H*(L) = H*(S") there exists at most one smooth
special Lagrangian representative.

Biran [Bi] also used this spectral sequence for the study of geometry of Lagrangian
skeletons and polarizations of Kihler manifolds.

LAdded in proof. In the revised version of [FOOO] the dimensional restriction 1 < n < 24 was removed
following the scheme suggested by Biran [Bi].
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5. Displaceable Lagrangian submanifolds

Definition 5.1. We call a compact Lagrangian submanifold L C (M, w) displaceable
if there exists a Hamiltonian isotopy ¢z such that L N gb}{ (L) =49.

One motivating question for studying such Lagrangian submanifolds is the fol-
lowing well-known folklore conjecture in symplectic geometry.

Conjecture 5.2 (Maslov Class Conjecture). Any compact Lagrangian embedding in
C" has non-zero Maslov class.

Polterovich [P] proved the conjecture in dimension n = 2 whose proof uses
a loop y realized by the boundary of Gromov’s holomorphic disc constructed in
[Gr]. Viterbo proved this conjecture for any Lagrangian torus in C* by a different
method using the critical point theory on the free loop spaces of C" [V1]. Also see
Theorem 4.20 in the previous section for L with H 2(L: 7o) # 0.

It follows from the definition that HF* (L, d)},{ (L)) = 0 for a displaceable La-
grangian submanifold L whenever HF*(L, (f)}{ (L)) is defined. An obvious class of
displaceable Lagrangian submanifolds are those in C". This simple observation,
when combined with the spectral sequence described in the previous section, pro-
vides many interesting consequences on the symplectic topology of such Lagrangian
submanifolds as illustrated by Theorem 4.18 and 4.19.

Some further amplification of this line of reasoning was made by Biran and
Cieliebak [BC] for the study of topology of Lagrangian submanifolds in (complete)
sub-critical Stein manifolds (V, J) or a symplectic manifold M with such V as a
factor. They cooked up some class of Lagrangian submanifolds in such symplectic
manifolds with suitable condition on the first Chern class of M under which the La-
grangian submanifolds become monotone and satisfy the hypotheses in Theorem 4.18.
Then applying this theorem, they derived restrictions on the topology of such La-
grangian submanifolds, e.g., some cohomological sphericality of such Lagrangian
submanifolds (see Theorem 1.1 [BC]).

Recently Fukaya [Fu4] gave a new construction of the A-structure described in
the previous section as a deformation of the differential graded algebra of the de Rham
complex of L associated to a natural solution to the Maurer—Cartan equation of the
Batalin—Vilkovisky structure discovered by Chas and Sullivan [CS] on the loop space.
In this way, Fukaya combined Gromov’s and Polterovich’s pseudo-holomorphic curve
approach and Viterbo’s loop space approach [V1] and proved several new results on
the structure of Lagrangian embeddings in C". The following are some sample results
proven by this method [Fu4]:

1. If L is spin and aspherical in C" then a finite cover LofLis homotopy equivalent
to a product S 1'% L’. Moreover the Maslov index of [S'] x [point] is 2.

2. If §' x §2" is embedded as a Lagrangian submanifold of C***+!, then the Maslov
index of [S1] x [point] is 2.
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There is also the symplectic field theory approach to the proof of the first result
above for the case of torus L = T" as Eliashberg explained to the authors [EI2].
Eliashberg’s scheme has been further detailed by Cieliebak and Mohnke [CM]. The
first result for 7" is an affirmative answer to Audin’s question [Au] on the minimal
Maslov number of the embedded Lagrangian torus in C" for general n. Previously
this was known only for n = 2, [P], [V1], and for monotone Lagrangian tori [Oh3]
(see Theorem 4.19).

6. Applications to mirror symmetry

Mirror symmetry discovered in super-string theory attracted much attention from
many (algebraic) geometers since it made a remarkable prediction on the relation
between the number of rational curves on a Calabi—Yau 3-fold M and the deformation
theory of complex structures of another Calabi—Yau manifold M.

6.1. Homological mirror symmetry. Based on Fukaya’s construction of the
Axo-category of symplectic manifolds [Ful], Kontsevich [K1] proposed a conjec-
ture on the relation between the category Fuk (M) of (M, w) and the derived category
of coherent sheaves Coh(M ") of M, and extended the mirror conjecture in a more
conceptual way. This extended version is called the homological mirror symmetry,
which is closely related to the D-brane duality studied much in physics. Due to the
obstruction phenomenon we described in §3.4, the original construction in [Ful] re-
quires some clarification of the definition of Fuk(M). The necessary modification
has been completed in [FOOO], [Fu2].

For the rest of this subsection, we will formulate a precise mathematical conjecture
of homological mirror symmetry. Let (M, w) be an integral symplectic manifold, i.e.,
one with [w] € H?(M; Z). For such (M, w), we consider a family of complexified
symplectic structures M; = (M, —/—1tw) parameterized by T € h where b
is the upper half plane. The mirror of this family is expected to be a family of
complex manifolds M; parameterized by ¢ = V=1t e p2 \ {0}, the punctured disc.
Suitably ‘formalizing’ this family at 0, we obtain a scheme 9t" defined over the ring
QllgT [g~"1. We identify Q[[¢]] [¢ '] with a sub-ring of the universal Novikov ring
Apoy defined in Subsection 4.1. The ext group Ext(&p, 1) between the coherent
sheaves & on M7 is a module over Qllg1l [q_l].

We consider the quadruple £ = (L, s, d, [b]), which we call a Lagrangian brane,
that satisfies the following data:

1. L aLagrangian submanifold of M such that the Maslov index of L is zero and
[w] € H3(M, L; Z). We also enhance L with flat complex line bundle on it.

2. s is a spin structure of L.
3. d is a grading in the sense of [K1], [Sel].
4. [b] € M(L) is a bounding cochain described in Subsection 4.4.
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Conjecture 6.1. To each Lagrangian brane £ as above, we can associate an object
€(L) of the derived category of coherent sheaves on the scheme 9" so that the
following holds:

1. There exists a canonical isomorphism

HF (L1, £2) = Ext(E(L1), E(L2)) ®Q[[q]] g~ Anov-

2. The isomorphism in 1. is functorial: namely the product of Floer cohomology
is mapped to the Yoneda product of the Ext group by the isomorphism in 1.

The correct Floer cohomology HF (L1, £7) used in this formulation of the con-
jecture is given in [FOOQ] (see §3.4 for a brief description). The spin structure in £
is needed to define orientations on the various moduli spaces involved in the defi-
nition of Floer cohomology, and the grading d is used to define an absolute integer
grading on HF (L1, L£2). We refer the reader to [FOOOQ] §1.4, [Fu3] for the details
of construction and for more references.

We now provide some evidences for this conjecture. A conjecture of this kind was
first made by Kontsevich in [K1] for the case of an elliptic curve M, which is further
explored by Polischchuk—Zaslow [PZ], and by Fukaya in [Fu3] for the case when M
is a torus (and so M is also a torus) and L C M is an affine sub-torus. In fact, in
these cases one can use the convergent power series for the formal power series or the
Novikov ring. Kontsevich—Soibelman [KS] gave an alternative proof, based on the
adiabatic degeneration result of the authors [FOh], for the case where L is an etalé
covering of the base torus of the Lagrangian torus fibration M = T?" — T". Seidel
proved Conjecture 5.1 for the quartic surface M [Se2].

6.2. Toric Fano and Landau-Ginzburg correspondence. So far we have dis-
cussed the case of Calabi—Yau manifolds (or a symplectic manifold (M, w) with
c1(M) = 0). The other important case that physicists studied much is the case of
toric Fano manifolds, which physicists call the correspondence between the o -model
and the Landau—Ginzburg model. Referring readers to [Ho] and [HV] for detailed
physical description of this correspondence, we briefly describe an application of the
machinery developed in [FOOQ] for an explicit calculation of Floer cohomology of
Lagrangian torus orbits of toric Fano manifolds. We will focus on the correspondence
of the A-model of a toric Fano manifold and the B-model of Landau—Ginzburg model
of its mirror. We refer to [HIV] for the other side of the correspondence between the
toric Fano B-model and the Landau—-Ginzburg A-model.

According to [FOOO] the obstruction cycles of the filtered A,-algebra associated
to a Lagrangian submanifold is closely related to mg. This mg is defined by a collection
of the (co)chains [M{ (), evy] for all B € m2(M, L). More precisely, we have

mo(D = Y [M(B),evl- T*Pg"P/? € C*(L) ® Agnov-  (6.1)
Bemy(M,L)

This is the sum of all genus zero instanton contributions with one marked point.
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On the other hand, based on a B-model calculations, Hori [Ho], Hori—Vafa [HV]
proposed some correspondence between the instanton contributions of the A-model
of toric Fano manifolds and the Landau—Ginzburg potential of the B-model of its
mirror. This correspondence was made precise by Cho and Oh [CO]. A description
of this correspondence is now in order. First they proved the following

Theorem 6.2. [M1(8), evg] = [L]asachain, forevery 8 € my(M, L) withu(B) =2
and so mo(1) = A[L] for some A € Ag nov-

It had been previously observed in Addenda of [Oh1] for the monotone case that
Floer cohomology HF*(L, L) is defined even when the minimal Maslov number
¥ = 2. Using the same argument Cho and Oh proved that HF*(L, L; Ag nov) is
well defined for the torus fibers of toric Fano manifolds without deforming Floer’s
‘boundary’ map, at least for the convex case. We believe this convexity condition can
be removed. More specifically, they proved mym; = 0. This is because in (4.10)
the last two terms cancel each other if mg(1) = Ae is a multiple of the unit e = [L]
and then (4.9) implies that my(1) is a m-cycle. We refer the reader to the revision
of [FOOQ] for a further discussion on this case, in which any filtered A.-algebra
deformable to such a case is called weakly unobstructed.

In fact, Cho and Oh obtained the explicit formula

N
mo(1) = Y h¥eV I T[] . g (6.2)

i=1
after including flat line bundles attached to L and computing precise formulae for the
area w(B;)’s. Here h"/ = eV =TIV s the holonomy of the flat line bundle and w (8;)
was calculated explicitly in [CO]. Denote by v = (vq, ..., vy) the holonomy vector

of the line bundle appearing in the description of linear o -model [HV].
On the other hand, the Landau—Ginzburg potential is given by the formula

N
Y exp(—yi — (0, v;)) = W(©)
i=1

for the mirror of the given toric manifold (see [HV] for example).

Theorem 6.3 ((CO]). Let A € t* and denote ® = A — /—1v. We denote by m®
the Aso-operators associated to the torus fiber Ty = 1w~ (A) coupled with the flat
line bundle whose holonomy vector is given by v € (SY)N over the toric fibration
71 X — t*. Under the substitution of T*™ = e~ and ignoring the harmless grading
parameter q, we have the exact correspondences

me <« W(O), (6.3)
) — oW
mP(pt) «— dW(©) =) 5. (0146 (6.4)
J

j=l1

under the mirror map given in [HV].
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Combined with a theorem from [CO] which states that HF* (L, £) = H*(L; O)®
Ao.noy Whenever mf) (pt) = 0, this theorem confirms the prediction made by Hori
[Ho], Hori—Vafa [HV] about the Floer cohomology of Lagrangian torus fibers. This
theorem has been further enhanced by Cho [Cho] who relates the higher derivatives
of W with the higher Massey products m,(?. For example, Cho proved that the natural
product structure on HF* (L, L) is not isomorphic to the cohomology ring H*(T") ®
Ao nov but isomorphic to the Clifford algebra associated to the quadratic form given
by the Hessian of the potential W under the mirror map. This was also predicted by

physicists (see [Ho]).
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