Applications of loop group factorization to geometric
soliton equations
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Abstract. The 1-d Schrodinger flow on S, the Gauss—Codazzi equation for flat Lagrangian
submanifolds in R?", and the space-time monopole equation are all examples of geometric
soliton equations. The linear systems with a spectral parameter (Lax pair) associated to these
equations satisfy the reality condition associated to SU(#n). In this article, we explain the method
developed jointly with K. Uhlenbeck that uses various loop group factorizations to construct
inverse scattering transforms, Bécklund transformations, and solutions to Cauchy problems for
these equations.
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1. Introduction

A Hamiltonian system in 2n-dimension is called completely integrable if it has n
independent commuting Hamiltonians. By the Arnold—Liouville Theorem, such sys-
tems have action-angle variables that linearize the flow. The concept of completely
integrability has been extended to soliton equations. These equation can be linearized
using “scattering data”, allowing one to use the Inverse Scattering method to solve
the Cauchy problem with rapidly decaying initial data. Two model examples are the
Korteweg—de Vries equation (KdV) and the non-linear Schrodinger equation (NLS).
Soliton equations often arise naturally in differential geometry too. For example, the
Gauss—Codazzi equations for surfaces in R* with Gaussian curvature — 1, isothermic
surfaces in R3 [11], isometric immersions of space forms in space forms [15], [25],
[24], Egoroff metrics, and flat Lagrangian submanifolds in C* and CP” [26], and the
space-time monopole equation are soliton equations.

One of the key properties of a soliton equation is the existence of a Lax pair.
A PDE for maps g: R" — R admits a Lax pair if there exists a family of §-
connections ¢, on R”, given in terms of ¢, such that the condition for 6, to be flat for
all A in an open subset of C is that g satisfy the PDE. The parameter A is called the
spectral parameter. For a solution ¢ decaying at spatial infinity, we often can find a
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normalization so that there exists a unique parallel frame E, of 6,. Usually E; has
two types of singularities for A € CP!; one type is a jump across a contour and the
other type is a pole. We call the jump singularities of E, the continuous scattering
data for g and the poles and residues of E the discrete scattering data for q. The
scattering transform maps a solution q to its scattering data S. A key feature of soliton
PDE:s is that the induced equations on the scattering data is linear, so it is easy to write
down the scattering data of a solution at time ¢ for a given initial data. The inverse
scattering transform reconstructs ¢ from the scattering data, i.e., it reconstructs Ej
from prescribed singularities. This is done for KdV in [17], for NLS in [36], [14],
and for the n-wave equation in [36], [4], [5]. As a consequence, the Cauchy problem
for these soliton equations can be solved via the inverse scattering transform.

The proof of the existence of the inverse scattering transform for soliton equations
involves hard analysis and is difficult ([4]). However, if the Lax pair satisfies the
SU(n)-reality condition, then the frame E) (x) has only one jumping circle plus pole
singularities in the A-sphere for each x, so the continuous scattering data is a loop
into SL(n, C) for each x. In this case, we can use Pressley—Segal loop group factor-
ization to construct the inverse scattering transform for the continuous scattering data
(cf. [27]).

Biicklund transformations (BTs) for surfaces in R? with K = —1 arose from the
study of line congruences in classical differential geometry. It associates to each
surface in R with K = —1 a family of compatible systems of ordinary differential
equations (ODEs) so that solutions of these ODE systems give rise to a family of
new surfaces in R with K = —1. One can use line and sphere congruences to
construct Backlund type transformations for many geometric problems in differential
geometry (cf. [24]). Bicklund transformations for soliton equations produce a new
solution from a given one by adding discrete scattering data. These transformations
can be obtained in a unified way from the following type of factorization: Let I'y,
I'; be disjoint subsets of S2, and gi: §2 \ I't = GL(n, C) holomorphic for i = 1, 2.
Factor g1g» = 281 such that g; is holomorphic on §? \ T';. This factorization can
always be done when g is rational and g; satisfy the SU(n)-reality condition, so
global Bécklund transformations exist for flows in the SU(n)-hierarchy and for the
space-time monopole equation with gauge group SU(n). Moreover, if the initial data
qo has continuous scattering data S and discrete scattering data A, then we can first
use Pressley—Segal loop group factorization to construct a solution g whose scattering
datais S, and then apply BTs to ¢ to construct the solution g with scattering data SUA.

This paper is organized as follows: In Section 2, we outline the construction
of the ZS-AKNS hierarchy of soliton equations associated to a complex simple Lie
algebra §, and review certain invariant submanifolds and restricted flows associated
to involutions of §. We give examples of PDEs in submanifold geometry that are
soliton equations in Section 3. In Section 4, we give a brief review of Lax pairs
associated to the space-time monopole equations. The direct scattering for soliton
equations in the SU (n)-hierarchy is given in Section 5, and direct scattering for space
monopole equation is in Section 6. We use Pressley—Segal loop group factorization
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to construct the inverse scattering transform for flows in the SU(n)-hierarchy and
for the space-time monopole equation in Section 7 and 8 respectively. In Section 9,
we use the Birkhoff factorization to construct local solutions for flows in the SU (n)-
hierarchy. Finally, we discuss the constructions of Bicklund transformations, pure
solitons, and solutions with both continuous and discrete scattering data for flows
in the SU(n)-hierarchy and for the space-time monopole equations in the last two
sections.

Acknowledgment. The author thanks her long-time collaborator and good friend
Karen Uhlenbeck. Much of this article concerns our joint project on the differential
geometric aspects of soliton equations.

2. Soliton equations associated to simple Lie algebras

The method of constructing a hierarchy of n x n soliton flows developed by Zakharov—
Shabat [39] and Ablowitz—Kaup—Newell-Segur [1] works equally well if we replace
the algebra of n x n matrices by a semi-simple, complex Lie algebra § (cf. [18], [23],
[27]).

The G-hierarchy. Let G be a complex, simple Lie group, § its Lie algebra, ( , )
a non-degenerate, ad-invariant bilinear form on 4, 4 a maximal abelian subalgebra
of §,and AL = (& € § | (£, A) = 0}. Let 8(R, A1) denote the space of rapidly
decaying maps from R to 4. Fix a regular element a € 4 (i.e., the centralizer
Ga = o). Then there is a unique family of §-valued maps Oy, ;j(u) parametrized by
b € 4 and positive integer j satisfying the following recursive formula,

(Qp,j))x + [u, Qp,j()] = [Qp,j+1(w), al, QOpo(u) =Db, (D
and Z;io Ob, j(u))»_j is conjugate to b as an asymptotic expansion at A = co. In

fact, Qp, ; (u) is a polynomial in u, dyu, ..., 3] 'u (cf., [23], [27]). Forb € A and a
positive integer j, the (b, j)-flow is the following evolution equation on § (R, AL):

ur = (Qp,j)x +[u, Qp, j()] = [Qp, j+1(u), al. 2)

The G-hierarchy is the collection of these (b, j)-flows.
The recursive formula (1) implies that u is a solution of the (b, j)-flow (2) if and
only if

6, = (ar +u) dx + (A + Qp 1A ™ 4o+ Qp () dt 3)

is a flat §-valued connection 1-form on the (x, ¢) plane for all A € C. Here 6, is (left)
flat, i.e., d6) + 0, A 6, = 0. In other words, 6, is a Lax pair for the (b, j)-flow (2).
Also 6, is flat is equivalent to

[0y +ar+u, & +br + Qp 1WA~ + -+ 0p j ()] = 0.
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The U -hierarchy. Lett beaninvolution of G such thatits differential at the identity e
(still denoted by 7) is a conjugate linear involution on the complex Lie algebra §, and U
the fixed point set of . The Lie algebra U of U is a real form of §. If a,b € U,
then the (b, j)-flow in the G-hierarchy leaves § (R, AL N W)-invariant (cf. [27]). The
restriction of the flow (2) to 8(R, A~ N W) is the (b, j)-flow in the U-hierarchy.
Since Qp, j(u) lies in U, the Lax pair 8, defined by (3) is a §-valued 1-form satisfying
the U-reality condition:

7(65) = 6. )

The U/ K-hierarchy. Suppose U is the real form defined by the involution 7 of G,
and o an involution of G such that do, is complex linear and 07 = to. Let K be the
fixed point set of ¢ in U, U and KX the Lie algebras of U and K respectively, and &
the —1-eigenspace of do, on U. Then U/K is a symmetric space, and U = K + L.
Let A be a maximal abelian subalgebra in . If a, b € 4 and u in AL N X, then
the (b, j)-flow in the U-hierarchy leaves 4(R, AT N X) invariant if j is odd, and is
normal to 8(R, AL N .K) if j is even. The restriction of odd flows in the U -hierarchy
to 8(R, A-NX) is called the U/ K -hierarchy. Moreover, 6 satisfies the U /K -reality
condition
‘L'(Q;L) = 9)” O’(Q}J = Q_A.

Example 2.1. SL(2, C)-hierarchy (cf. [2]). Leta = b = diag(i, —i) and A = Ca.

Then
L_J{(0 ¢q
A _{<r 0 |q,re(C ,

(0 ¢ A N
Qu1(w) =u = (}’ 0) , Qap(u) = 5 (—8xl’ _qr> ’

I qoyr —royg — 32q + 2¢°r
4 —afr + 2qr2 —qoyr+roxq)’

Qa3 =
The (a, j)-flows, j = 1, 2, 3, in the SL(2, C)-hierarchy are:
0:q = 0yq, 07 = Oy,
g = %(afq —24°r), dr = —%(aﬁr —2qr?),
0iq = %(—ng + 6gricq), or = i(—air + 6qroyr).

Let 7 be the involution of s/(2, C) defined by 7(£) = —&'. Then the fixed point
set of 7 is the real form U = su(2) and

arua|(® 1) joes].
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So the SU(2)-hierarchy is the restriction of the SL(2, C)-hierarchy to the subspace
r = —q. The second flow in the SU(2)-hierarchy is the NLS 0;q = %(8%61 +2|q19).

Let 0(§) = —(&"). Then ot = 7o and the corresponding symmetric space is
SU(2)/ SO(2). Note that u € 8(R, A N K) means ¢ = —r is real. The third flow
in the SU(2)/ SO(2)-hierarchy is the mKdV equation ¢; = —%(Qxxx +6¢°qy).

The U-system. Let U be the real form of § defined by the involution t, 4 a maximal
abelian subalgebra of U, and ay, . . ., a, abasis of A. The U-system is the following
PDE for v: R" — AL:

[ajaaxl‘v] - [aiaanv]+[[aiav]’ [aj,U]] :O’ i 7+_.] (5)
It has a Lax pair

O =Y (@it +[a;, v]) dx;. (©6)

i=1

This Lax pair satisfies the U-reality condition 0, = t(65).

TheU/K-system. Lett,o,U, K, P, Abeasinthe U/K -hierarchy, anday, ..., a,a
basis of 4. The U/K -system is the restriction of (5) to the space of v: R" — ALTNP.
Since a; € £ and [a;, v] € K, its Lax pair 9, = Zl'-l:l(aik + [a;, v]) dx; satisfies
the U/ K -reality condition.

The frame of a Lax pair. Suppose we are given a family of flat §-valued connections
0, = Z;’:l P;(x, L)dx; on R". Then we call E(x, 1) a frame of 6, if E_laxi E =P
foralll <i <n.

Proposition 2.2. Let G, t, o, U and K be as above, and E); the frame of 0, such that
E,(0)=1

1. If 6, satisfies the U -reality condition, then E), satisfies the U -reality condition
T(E3) = E;,

2. If 6, satisfies the U/K -reality condition, then E, satisfies the U/K -reality
condition T(E3) = E;, 0 (E;) = E_;.

3. Soliton equations in submanifold geometry

Since the Gauss—Codazzi equations for submanifolds in space forms are equivalent to
the flatness of certain connections, it is not surprising that many PDEs in submanifold
geometry turns out to be soliton equations. We give some examples below:
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Example 3.1 (Vortex filament equation, Schrodinger flow on 2, and the NLS). In
1906, da Rios modeled the movement of a thin vortex in a viscous fluid by the motion
of a curve propagating in R3 by

dy = dyy x 02y. (7
If v is a solution of (7), then

3 (0ry, dry) = 2(0:d v, dxy) = 2(3:(dxy X 82y), dyy) = 0.

So (7) preserves arc-length. Hence we may assume that a solution y (x, t) of (7) sat-
isfying |0,y || = 1. It is known that there exists a parallel normal frame (v, v2)(-, t)
for each curve y (-, t) such that ¢ = k1 +ik; is a solution of the NLS, where k1 and k3
are the principal curvatures of y along vy and v, respectively.

Let & denote the energy functional on the space of paths on $2, and J the complex
structure on S2 (if we view S C R3, then J,(v) = u x v). The Schrodinger flow
on §2 is

Uy = Jy(VEW)) = u X tyy.
If y is a solution of (7), then u = y, is a solution of the Schrédinger flow on S 2 ([14],
[28]).

Example 3.2 (Isothermic surfaces in R3). A parametrized surface f(x,y) € R is
isothermal if (x, y) is a conformal line of curvature coordinate system, i.e., the two
fundamental forms are of the form

[ = e?(dx? 4+ dx3), W =e"(ridx} + rdx3).
The Gauss—Codazzi equation is the g iry-system (cf. [11], [10], [9]).

Example 3.3 (Local isometric immersions of N"(c) in N 2n(¢), [25]). Let N™(c)
denote the n-dimensional space form of constant sectional curvature c. The normal
bundle of a submanifold M in N (c) is flat if its induced normal connection is flat,
and is non-degenerate if the dimension of {A, | v € v(M),} is equal to codim(M).
Here A, is the shape operator along normal vector v. It is proved in [25] that if M"
is a submanifold of N%"(c) with constant sectional curvature ¢ and its normal bundle
v(M) is flat and non-degenerate, then there exists a local orthogonal coordinate system
(x1,...,xp) on M and parallel normal frame e, 1, ..., €2, such that

n n
1= bidx;, =) ajbidxien;. (8)
i=1 j=1

Moreover, the Levi-Civita connection 1-form forlisw = § F— F'8, where F = (f; i)
Oy bi . . . . .

fij = l';j ifi #j, fii=0foralll <i <mn, and § = diag(dxy,...,dx,). The

Gauss—Codazzi equation for the local isometric immersion becomes an equation for F,

. . 0(2n) . _ 0(2n+1)
which is the 575575 -system if ¢ = 0, the 5E=F550,
0(@n,1)

omxonn-systemif ¢ = —1.

-system if ¢ = 1, and the
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Example 3.4 (Egoroff metrics and the g% -system). A local orthogonal system

(x1,...,xp) of R" is Egoroff if the flat Euclidean metric ds? written in this coor-
dinate system is of the form

n
ds® = Z Ox; @ d)ci2
j=1

for some smooth function ¢. Then F = (f;;) is a solution of the g% -system, where
)
t )

fij = 77—
2 for, 00,0

F = (fij): R" — V, of the gg’:’; -system, the first order system

ifi # jand f;; = 0for 1 <i < n. Conversely, given a solution

O;bi = fijbj, iF# ] €]

is solvable for by, . . ., b,, and solutions are locally defined and depend on n functions
of one variable. Moreover, since f;; = fji, Y i, bl.zdxi is closed, hence locally there
exists a smooth function ¢ such that bi2 =dy¢forl <i <n.

Although we can construct global solutions F for the U (n) /O (n)-system, it is not
clear whether there exist global solutions b; of (9) such that b; > 0 and the metric
ds* = Yo bi2 is complete. This is also the case for isometric immersions of N"(c)
in N2 (¢) and for the next example.

Example 3.5 (Flat Lagrangian submanifolds in R*"). As seen in Example 3.3, the
Gauss—Codazzi equation for local isometric immersions of R” into R?" with flat
and non-degenerate normal bundle is the %-system. These immersions are

U(n)

Lagrangian if and only if F' is symmetric and F is a solution of the 3 )

-system.

4. The space-time monopole equation

For flows in the SU(n)-hierarchy, we have been using left flat connections 6 =
Yo Aidx;, ie., dO + 6 A6 = 0 or equivalently, [dy, + A;, dx; + Aj]1 = 0 for all
i # j. But for space-time monopole equations, it is more customary to use right flat
connections, i.e., dd — 0 A 6 = 0, or equivalently, [0y, — A;, 8xj — A;] = 0 for all
i #j.

The curvature of a su(n)-valued connection 1-form A = Zj‘: 1 Ai(x)dx;is Fp =
Zi<j F,'j dx; /\de. where

Fij = [0x; — Ai, 0x; — Aj] = 0y, Ai — 0y, Aj + [Ai, Ajl
The connection A is anti self-dual Yang—Mills (ASDYM) if

Fp=—%Fy,
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where * is the Hodge star operator with respect to the metric dx12 + dx% — dx32 — dxﬁ.

Setz = x1 +ix3, w = x3+ix4, V; = %(V] —iVh) = B%—AZ, V: =
3(Vi+iV2) = £ — Az, and V,, V similarly. Since A; € u(n), A; = —A} and
Ay = —A7 . Then (cf. [8], [21]) A is ASDYM if and only if

[V + 1V, Vi +p 'V =0. (10

holds for all u € C\ {0}.

If we assume that the ASDYM connection A is independent of x4, and set x = x1,
xy = y,and x3 = 1, then Ay, = (A, —i¢) and Ay = 3(A; + i$), where ¢ = A,
is the Higgs field, A = A; dt + A; dz + A; dz is a connection 1-form on R>!. Then
(A, ¢) satisfies the space-time monopole equation

Da¢p = *Fa,

where # is the Hodge star operator with respect to the metric dx> 4+ dy> — dt>. It has
a Lax pair induced from (10):

[lv v, Ly 4y ‘lv]—o (11)
Ty THYn ST R =
Set
1 ip 1 io
Di(W) ==V, — — +uV., Dy(u) ==V, +— V.
1 () VTS + uVy, 2(1) 5 r + > +u Vs,

! . ~1 .
Pi() = Di(p) — Dao(p) = H=5—V, — iV, —i¢,
Py(n) = Di(p) + Da(p) = Vi + uV, + ' Vo

So (11) is equivalent to

\Y
2 * 2

—1 . —1
— iw+p) . _
[“ Mg, TR G i V4 V.t ‘vz]=o. (12)
Note that the first operator is a linear operator in space variables. This is the Lax pair
we use to construct monopoles with continuous scattering data.

We need an equivalent form of the Lax pair to construct soliton monopoles. First
we make a change of coordinates and spectral parameter:

r+x r—x T—1i

g 2 k] )7_ 2 k] M:T+l

A direct computation shows that
Ly =@ +i)Di(w) + (t —i)D2(n) =1Ve = Vy + ¢,

1
Ly = —((t +)Di(w) = (r = )Da(w)) = T(Vy + @) = Vi,
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so [tVe —Vy + ¢, 1(Vy +¢) — V,] = 0. Change spectral parameter again by
r=1"lto get
[A(Vy —¢) — Vg, AV, =V, —¢] =0. (13)

This is the Lax pair we use to construct Backlund transformations and solitons for the
monopole equation. So we have

Proposition 4.1. The following statements are equivalent for (A, ¢):
1. (A, @) is a solution of the space-time monopole equation,
2. (11) holds for all u € C\ {0},
3. (12) holds n € C\ {0},
4. (13) holds for all A € C,
5

. there exists E, (x, y, t) such that

1

- . -1 _ -1 P -1 .
(L=, — z(u+2u ) O)E, = (B5— A, — %Ay +i¢)E,,
@ + i + 1 Ey = (A + pA; + u T ADE,, 14)
E*_E, =1,
I

6. there exists V¥ (x, y, t) such that

(Rdy — 0) Yy = (M(Ay + @) — A) Y,
A3y — Y = (MA,; — Ay + PP, (15)
iy =1,

7. E,(x,y,t)is a solution of (14) if and only if
Vn(x, y, 1) = Ei-ia(x, y, 1)
I+ix

is a solution of (15).

We call solutions of (14) and (15) frames of the monopole (A, ¢). But frames are
not unique. In fact, if ¥, is a solution of (15) and ¢, satisfies

(R0y — de)p. = A3y — 3y)Pr =0, @i =1, (16)

then v, ¢,, is also a solution of (15). Moreover, given any meromorphic map i: C —
GL(n, C) that satisfies 21(X)*h(X) = 1, then ¢ (x, v, t) = h(y + 1§ + A ) isa
solution of (16). However, if (A, ¢) is rapidly decaying in spatial variables, then we
can choose normalizations (boundary conditions at infinity) so that there is a unique
frame satisfying the normalization.
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5. Direct scattering for flows in the SU(n)-hierarchy

Let V, = {(§ij) € su(n) | & = 0V 1 < i < n}. The phase space of evolution
equations in the SU(n)-hierarchy is the set (R, V,,) of all smooth u: R — V,, that
are rapidly decaying.

Recall that u is a solution of the (b, j)-flow in the SU(n)-hierarchy if and only if

U5 0 = ak +u,
Vi 0 = DA + Qp 1AM T - Qp (), (17
viyn =1

is solvable. Since u decays in x, it is natural to study solutions of the first linear

operator in (17) of the form e m(x, 1). The direct scattering refers to the study of
singularities of m (x, A) in spectral parameter A. This was done by Beals and Coifman:

Theorem 5.1 ([4]). Ifu € $(R, V,,)), then there exist a bounded discrete subset A, of
C\ R and a smoothmapm: R x C\ (RU A,) - GL(n, C) such that

1. ¥(x,A) = e m(x, ) satisfies dy Wy = ¥ (ak + u),
@A) m(x, A)*m(x, 1) =Tandlimy_, oom(x, 1) =1,

(i) m(x, A) is holomorphic for A € C\ (R U A,), has poles at points in A, and
ma(x,r) = limg_,gx m(x, r 4 is) is smooth,

(iii) m has an asymptotic expansion at A = 00:

m(x, L) ~ I+m1()€))\.71 —I—mz(x))L72 4+

Moreover,

1. there is an open dense subset 80(R, V,,) of 8(R, V,,) such that A, is a finite set
Joru € $o(R, Vy),

2. if the L'-norm of u is less than 1, then m(x, 1) is holomorphic in » € C\ R,
i.e., A\, is empty,

3. set S(x,r) = my(x,r)m_(x, r)~L then S* = S and S(x,r) — Lis rapidly
decaying inr.

The function m in the above theorem is called the reduced wave function for the
operator d; 4+ aA + u, the poles and residues of m are called the discrete scattering
data, and the jump S is called the continuous scattering data of d,, + aX + u.

Theorem 5.2 ([4], [5]). Letu be a solution of the (b, j)-flow (2) inthe SU (n)-hierarchy
such thatu(-,t) € $(R, V), m(-,t,-) and S(-, t, -) the reduced wave function and
the continuous scattering data for dy + ai + u(-, t) respectively for each t. Set
V(x,t,A) = et 0 (x ¢ ). Then:
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1. v is a solution of (17),

xS =1[S,ar],
9,8 =[S, bri].

Inparticularone has S(x, t,r) = e_(“r"+brj’)so (r)e“”‘+brj’f0rsome mapping
s0: R — GL(n, C) such that s§ = so and so — 1 is rapidly decaying.

3. Ifu(-, 0) has only continuous scattering data, then so has u( -, t).

4. If the reduced wave function m(-, 0, L) has a pole at . = «, then so has
m(-,t,\) forallt.

5. u = [a, m1], where my is the coefficient of A" in the asymptotic expansion of
m(-, -, A)at A = oo.

6. Direct scattering for the space-time monopole equation

The linear system associated to the Lax pair (12) for the monopole equation is (14).
The first operator Pj(w) is a linear operator in spatial variables only. Given a rapidly
decaying initial data (A, ¢) on R?, the scattering data for the operator Pj(s) is the
singularity data of the solution E, for Pi(u)E, = 0 satisfying certain boundary
condition.

Definition 6.1. A rapidly decaying spatial pair (4, ¢): R* — @?:1 su(n) is said to
have only continuous scattering data if there exists E; : R? — GL(n, C) defined on
(98jE ={ueC|1l<|u* <1+ e} forsomee > 0 such that

PI(WE, = (M_ﬁﬂ Vi — Mv)’ —i¢)E, =0,
Ey(00) =1, E_1=(Ep™,
2. p+ E,(x,t) are holomorphic in u € (9€i,
3. the limits lim,,c g+ ,, 0 E, = S; exist.
It follows from the reality condition that S, = (SéIr )*_1. We call the non-negative

Hermitian matrix
So = (S;)7'S =SS

the scattering matrix or the continuous scattering data.

Let W2 ! denote the space of maps f whose partial derivatives up to second order
ol
arein L.

Theorem 6.2 ([32], [16], [13]). Assume that (A, ¢) is a rapidly decaying spatial data
and (A, ¢) is small in W21, Then the continuous scattering matrix Sy exists, I — Sp
decays for each 0, and the scattering matrix Sy satisfies
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(a) I — Sy is small in L°°,
(b) SF =58>0,
() (—sinfgx +cosf4)Sy =0.

Theorem 6.3 ([32], [16], [13]). If (A, ¢) is a smooth solution of the space-time
monopole equation in R? x (Ty, T») and decays in spatial variables, and has a smooth
continuous scattering data. Then

0 0 + cos 6 0 + sinf 0 S
=|—+4+cosf— +sinf— .
at dx ay )"
Moreover, two gauge equivalent solutions give rise to the same scattering data.

Corollary 6.4. Let (A, @) be as in Theorem 6.3. Then there is a unique so: R x S LN
GL(n, C) such that sg; = so, so(r, e'%y is rapidly decaying inr € R, and the continuous
scattering data for (A(-, -, t),p(-,-, 1)) is

Se(x, y, 1) = so(x cosf + ysinf — 1, e?).

7. Inverse scattering for the SU(n)-hierarchy via loop group factoriza-
tions

Given u € 4(R, V,), the scattering data for the operator L, = dyx + aX + u is the
singularities of the reduced wave function, which contains two parts, the continuous
(jumping line) and the discrete (poles) scattering data. The inverse scattering, which
constructs u from the scattering data of L, was done in [39], [4].

By Theorem 5.1, the scattering data only depends on f (1) = m(0, 0, A), where m
is the reduced wave function. We identify the image of the scattering transform for
those u’s with only continuous scattering data as a homogeneous space, and then use
Pressley—Segal loop group factorization to construct the inverse scattering transform
([27D.

Let H_ denote the group of smooth f: R — GL(n, C) such that

(i) f is the boundary value of a holomorphic map in C = {» € C| Im(A) > 0},
(i1) f has the same asymptotic expansion at r = 00,

(iii) decompose f(r) = p(r)v(r) with p(r) upper triangular and v(r) unitary, then
p — lis rapidly decaying.

Suppose u is a solution of the (b, j)-flow (2) in the SU(n)-hierarchy with only
continuous scattering data, and m(x, ¢, A) the reduced wave function for u. Then
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m(x,t,) € D_. Set f(A) = m(0,0,1). Since ¥(x,t, 1) = e oMt x ¢ 3
satisfies (17),

E(x,t,3) = fO) e @ ta 0y o ¢ ), (18)

is a solution of (17) with E(0,0,A) = 1. Because the right hand side of (18) is
holomorphic in C4, E(x, ¢, 1) is holomorphic in A € C,. Proposition 2.2 implies
that E satisfies the U (n)-reality condition E(x, ¢, MN*E(x,t,A) = L So by the
reflection principal E(x, ¢, A) is holomorphic for all » € C.

Seteg 1 (x)(A) = e, ep () = eI, E(x, 1)(M) = E(x,t, A),andm(x, 1)(A) =
m(x, t, X). Then we can rewrite (18) as

flea1(x)ep j(t) = E(x, tym(x, )" (19)

Here f,m(x,1) € D_,and e, 1(x)ep, j(¢) and E(x, t) holomorphicin C and satisfy the
U (n)-reality condition. To construct the inverse scattering is to construct m from f.
In other words, given f € D_, we want to find a method to factor f _lea, 1(xX)ep, (1)
as E(x, t)m~ 1 (x, t) such that E (x, 1) satisfies the U (n)-reality condition and is holo-
morphic in C and m(x, t) € D_ for all (x, ¢). We need Pressley—Segal loop group
factorization [22] given below to do this factorization.

Let S2\ S' = CU{oo} = QL UQ_, where Q; = {u € C| |u| < 1} and
Q_ = {x € $?| |ul > 1}. Let A(SL(n, C)) denote the group of smooth loops
g: S! — SL(n, C), and A4 (SL(n, C)) the subgroup of g € A(SL(n, C)) such that g
can be extended to a holomorphic map on €24 and g(—1) is upper triangular with
real diagonal entries. Let A(SU(n)) denote the loops in SU(n). The Pressley—Segal
factorization is the analogue of the Iwasawa decomposition of SL(n, C) for loop
groups:

Theorem 7.1 (Pressley—Segal Factorization Theorem [22]). The multiplication map
from A(SU(n)) x A+ (SL(n, C)) to A(SL(n, C)) is a bijection. In particular, given
f € A(SL(n, C)), there exist unique g € A(SU(n)) and hy € AL (SL(n, C)) such
that f = gh.

If we change the spectral parameter A by the linear fractional transformation
nw = }J_r—ii then we can see that $D_ is isomorphic to a subgroup of A4 (SL(n, C)).

In fact, we have

Proposition 7.2 ([27]). Given amap g: S' — GL(n, C), let ®(g): R — GL(n, C)
be the map defined by ®(g)(r) = g(ﬂ) Then:

1—ir

1. gissmoothifand only if ®(g) is smooth and has the same asymptotic expansion
atr = £oo.

2. joo(g —D)—1 = O (the infinite jet of g — 1 at w = —1) if and only if P(g) — 1
is rapidly decaying.
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3. Suppose g extends holomorphically to || < 1, and define g on || > 1 by
g(uw) = (g(w=H") "L Then f(1) = g(1%) is holomorphic in ) € C\ R and
satisfies the reality condition f(\)* f(1) =L

Corollary 7.3. D_ is isomorphic to the subgroup of g € A4 (SL(n, C)) such that
Joo(h — D1 = 0 where g = hv with h upper triangular and v unitary.

Now we go back to the problem of factorizing f~'e, 1(x). By Proposition 7.2,
o 1(f! eq.1(x)) does not belong to A(SL(n, C)). So we can not use Theorem 7.1
to do the factorization directly. However, if we write f = pv with p upper triangular
and v unitary, then by definition of O_, p — I is rapidly decaying. This implies that
(e, | (x)p~'eq,1(x)) lies in A(SL(n, C)). Apply the Pressley-Segal loop group
factorization to get

e, 1 ()p e (x) = Bx)m(x)™!

such that ®~!(B(x)) € A(SU(n)) and ®~!(m(x)) € A, (SL(n,C)). Since p(1),
€q,1(x)(A), and m(x)(A) are smooth for A € R and can be extended holomorphically
tol € C4,sois B(x)(A). But B(x)(A) is unitary for A € R implies that B(x)(X) can
be extended holomorphically across the real axis in the A-plane by defining B(x)(X) =
(B(x)(A)*)~!. Hence A — B(x)(%) is holomorphic for all A € C. Therefore

Flea1) = v plea1(x) = v eq 1 (1) (e, | ()P eq 1 (1))
= v_lea,l()C)B()c)m()c)_1 = E(x)m(x)_l.
But E(x)(%) = v~ (L)e?* B(x) (1) is holomorphic for A € C.
Since E(x, 1) = f~'(W)e™ m(x, 1),

E_laxE = m_laxm +m 'arm.

Use the asymptotic expansion at A = oo to conclude that 719, E must be a degree
one polynomial in A. So if m1 (x) is the coefficient of A ! in the asymptotic expansion
of m(x, A) at A = oo, then

E_laxE =aAi+uy, whereuy =I[a, m].

Note that the scattering data of dy +aA +uy is e~ L f__le"“. However, the map
F (f) = uy is not one to one. In fact, uy, = uy, if and only if there is h € H_ such
that i (r) is diagonal for all r € R. These give a rough idea of how the following
results are obtained.

Theorem 7.4 ([27]). Assume a, b are diagonal matrices in su(n), and a has distinct
eigenvalues. If f € D_, then there exist E(x,t, A) and m(x, t, \) such that

L fleq1(x)ep (1) = Ex, t, )m(x,1,) 7,
2. E is holomorphic for . € C, E(x, t, MNE(x,t,A) =1, andm(x,t,-) € D_,
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3. uy = [a,m1] is a solution of the (b, j)-flow equation (2) in the SU(n)-
hierarchy, and E is the frame for the Lax pair associated to u with initial
condition E(0, 1) = 1, where m1(x, t) is the coefficient of A~ in the asymp-
totic expansion of m(x, t, A) at A = oo,

4. uy(x,t) is defined for all (x,1) € R? and is rapidly decaying in x for each t,

5. if f also satisfies the SU(n)/ SO(n)-reality condition, then uy is a solution of
the (b, j)-flow in the SU(n)/ SO(n)-hierarchy.

Theorem 7.5 ([27]). Let 8°(R, V},) denote the space of all u € $(R, V,)) such that
L, = dy + a) + u has only continuous scattering data, and D_(A) denotes the
subgroup of f € D_ such that f(r) is diagonal for allr € R, and ¥ : (R, V,)) —
D_/D_(A)definedby F (u) = [m(0, -)], where m(x, ) is the reduced wave function
of Ly, =dy + ak +u. Then F is a bijection, and ?’_1([]‘]) = [a, m], where m is
the coefficient of A~ in the asymptotic expansion of m at . = oo.

Theorem 7.6 ([27]). Let LY (SL(n,C)) denote the group of holomorphic maps
f: C — GL(n,C) that satisfy the SU(n)-reality condition, and D+ (A) the sub-
group of L% (SL(n, C)) generated by {ep j(t) | b € su(n) diagonal, j > 1 integer}.
Then Dy (A) actson D_/D_(A) byey, j(t)*[ f] = [m(t)], where m(t) is obtained by
factoring f ey j(t) = E(t)m(t)~ ' suchthat E(t) € L%, (SL(n, C)) andm(t) € D_.
Moreover, the (b, j)-flow in the SU(n)-hierarchy corresponds to the action of ey ()
on D_/D_(A) under the isomorphism F .

Theorem 7.7 ([27]). Letay, ay, ..., a, be linearly independent diagonal matrices in
u(n), and f € D_. Then we can factor

Fleq 1(x1) .. eq1(xn) = E(x)m(x)™!

such that E(x) € LY, (GL(n, C)) and m(x) € D_. Moreover,
1. v= mf‘ is a solution of the U (n)-system, where m1(x) is the coefficient of >~

in the asymptotic expansion of m(x)(A) at A = oo and £+ = & — Yol Giieii,

2. if f € D_ satisfies the ggz; -reality condition, then v = (m1)" is a solution of

the ggz; -system.

In other words, the U (n)-system is the system obtained by putting together the
(ay, 1)-, ..., (an, 1)-flow in the U (n)-hierarchy.

8. The inverse scattering for monopole equations

The scattering data of the linear operator

Pi(n) = pV, —n 'V —ig
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on the z = x + iy plane for the rapidly decaying spatial pair (A, ¢) is a smooth
map so: R! x S! — GL(n, C). The inverse scattering for P;(u), which constructs
(A, ¢): R? — @*su(n) from so, was done in [32], [16]. In this section, we give
a brief review of the construction of the inverse scattering transform for Pj(u) via
Pressley—Segal loop group factorization given in [13].

Theorem 8.1 ([13]). Supposes: Rx S' — GL(n, C) is smooth such that s* = s > 0
and s(r, ') — 1is rapidly decaying for r € R. Define

S(x,y,t, eie) = s(xcosf + ysinf —t, ¢').

Then there exists a smooth E : R x (C \S 1Y = GL(n, C) such that
1. E:_‘L,IEu =1, where E,, = E(..., ),

2 (@ +nd) EpE," = BotuBy and (0 +1 ™ 0) EE," = —(Bj+n~ BY)
for some By, By : RZ! = si(n, C),

3. ifweset A, = 3B, A, = 5(Bo — BY), ¢ = 5(Bo + BY), then (A, ¢) is a
solution of the space-time monopole equation decaying rapidly in the spatial
variables,

4. the scattering data for (A(-, -, t), ¢ (-, -, 1)) is S(-, -, t,-).

Here is a sketch of the proof: Set S, = S(..., ) for |u| = 1. Write §,, =
P/f with Plj‘ = P,. By Pressley—Segal Factorization Theorem 7.1 we can factor
P, = Uy E} with U. aloop in SU(n) and E;} extends holomorphically to || < 1.
Define E;, = ((E;:_,)*)_l for u| > 1. Then S, = (E;)"'E;f. The rest of

the theorem can be proved using the fact that (—sinf 9, + cosf 9,)S = 0 and
(cos® 3y +sinf 9y, — 9;)S = 0.

Corollary 8.2 ([13]). Suppose (Ag, ¢o) is a rapidly decaying spatial pair with only
continuous scattering data. Then there is a global solution (A, ¢) of the space-time
monopole equation decaying rapidly in the spatial variables such that the scattering
data of (A(-,-,0),¢(-,-,0)) and (Ag, ¢o) are the same. Moreover, any two such
solutions are gauge equivalent.

Corollary 8.3. There is a bijective correspondence between the space of solutions
of the space-time monopole equation with only continuous scattering data mod-
ulo the gauge group, and the group of maps f: R — A% (SL(n,C)) such that
(f* )(r)(e'?) —1is rapidly decaying in r € R.

9. Birkhoff factorization and local solutions

The factorization (19)

£ e M = E(xt ym(x, £, 07
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is for f, m(x, ¢, -) in D_ and E holomorphic in A € C and satisfies the U (n)-reality
condition. However if f is holomorphic at A = oo, then we can use the Birkhoff
factorization to get E and m such that E is holomorphic in C and m is holomorphic
at A = 0o. Moreover, it can be shown easily that E is the frame of a solution of the
(b, j)-flow with E(0, 0, 1) = I. Since the Birkhoff factorization only works on an
open dense subset of loops, solutions constructed this way are local solutions defined
in a neighborhood of (0, 0).

Lete > 0,and O, = {1 | |A]| > %} an open neighborhood of oo in $2 = CU{o0).
Then S? = C U O,. Let L*(SL(n, C)) denote the group of holomorphic maps f
from C N Oy to SL(n, C) satisfying the SU(n)-reality condition f n)* f) =1,
L% (SL(n, C)) the subgroup of f € L*(SL(n, C)) that extend holomorphically to C,
and LT (SL(n, C)) the subgroup of f € L¥(SL(n, C)) that extend holomorphically
to O, and satisfying f(oco) = 1.

Theorem 9.1 (Birkhoff Factorization Theorem (cf. [22])). The multiplication map
L% (SL(n,C)) x L™ (SL(n,C)) — L*(SL(n, C)) is injective and the image is an
open dense subset of L* (SL(n, C)).

Leta, b be diagonal matrices in su(n) such that a isregular. Then e, 1(x)ep, (1) €
L% (SL(n, C)). Given f e L™ (SL(n, C)), by the Birkhoff factorization there exists
& > 0 such that

flea1(x)ep j(1) = E(x, Hm(x, 1)~

with E(x,t) € L% (SL(n, C)) and m(x,t) € LT (SL(n,C)) for all (x,?) € Bs(0).
Here Bs(0) is the ball of radius § centered at (0, 0). Then

E "9 E=m" m, +m'arm,
E'"WE=m""'my +m'brim.

Since m is holomorphic at A = oo and m(x, t)(oc0) =1, E~19,E and E~'9, E must
be a polynomial of degree 1 and j in X respectively. Hence E must be a frame of a
solution of the (b, j)-flow in the SU(n)-hierarchy. So we have

Theorem 9.2 ([27]). If f € LT (SL(n, C)), then there exist an open neighbor-
hood O of (0,0), E(x,t) € LY (SL(n,C)), and m(x,t) € L™ (SL(n, C)) such that
f_leaﬂl(x)eb,j(t) = E(x, Hm(x, )" forall (x,t) € O. Moreover,

1. u = [a,m1] is a solution of the (b, j)-flow in the SU(n)-hierarchy, where
m1(x, t) is the coefficient of A~ the expansion of m(x,t)(A) at . = oo, (we
will use f * 0 to denote u),

2. E is the frame of the Lax pair of u such that E(0)(A) =1,

3. if f satisfies the SU(n)/ SO(n)-reality condition, then u = [a, m1] is a solution
of the (b, j)-flow in the SU(n)/ SO(n)-hierarchy.
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Note that for f € OD_, Theorem 7.4 gives a global solution u s of the (b, j)-flow
on 4(R, V,) in the SU(n)-hierarchy. But for f € LT (SL(n, C)), the above theorem
only gives a local solution of the (b, j)-flow in general.

Theorem 9.3 ([27]). If f € LT (GL(n, C)), then there exist an open neighborhood
o ofO inR", E(x) € LT (GL(n, C)) and m(x) € LT (GL(n, C)) for x € O such that
f- eal,l(xl) .. .ean,l(x,,) = E(x)m(x)~'. Moreover,

1. v= mf‘ is a solution of the U (n)-system, where m1(x) is the coefficient of >~

in the expansion of m(x)(A) at A = oo and mf‘ =m1 — Yy ;(mpiieii, (we will
use f x 0 to denote v),

2. E is the frame of the Lax pair (6) of v such that E(0)(1) =1,

3. If f also satisfies the U (n)/ O (n)-reality condition, then v = f x0is a solution
of the U (n)/ O (n)-system.

10. Biacklund transformations for the U (n)-hierarchy

In general, the solution f * O constructed in Theorem 9.2 has singularities. But if f
is rational, then f % 0 is a global solution of the (b, j)-flow in the SU(n)-hierarchy,
and can be computed explicitly. These are the soliton solutions. Moreover, if f is
rational with only one simple pole and E is a frame of a solution u, then the Birkhoff

factorization fE = E f can be carried out by an explicit algebraic algorithm so
that E is a frame of the new solution. These give Bicklund transformations for the
(b, j)-flow.

If « € C\ R and 7 is a Hermitian projection of C", then the map

a
b4

"
San (1) = T4 7—

satisfies the U (n)-reality condition. So g4 » € L™ (GL(n, C)).
The following theorem is a key ingredient for constructing Béacklund transforma-
tions for the (b, j)-flow in the SU(n)-hierarchy.

Theorem 10.1 ([29]). Given f € L% (SL(n,C)) and gy, let @ be the Hermitian
projection of C" onto f(a)~'(Im ). Then Sarxf = fga 7 and f € LT (SL(n, C).
Proof. Set f(1) = gar (1) f (Mgaz (M) = (A + 22 ) £G) A+ Z27 1), Note
that f is holomorphic for A € C \ {«, &}. But

Res(f, @) = (@ — @)™ f(a)7, Res(f,@) = @ — o) f(@)7t.

By definition f(«)(Im7) = Im 7, so f is holomorphic at A = . Set V = Im 7 and
V =Im. Since f satisfies the reality condition, we have

(f@ V), V)=V f@*(V) = (V5 f@ (v) =Vt V) =o.
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This implies that Res( f, @) = 0, hence f is holomorphic in C. O
The proof of the above theorem in fact gives the following more general result:

Theorem 10.2 ([12]). Let @ be an open subset of C that is invariant under complex
conjugation, and f: O — SL(n, C) a meromorphic map satisfying the U (n)-reality
condition. Let « € C\ R, and m a Hermitian projection of C". Suppose f is
holomorphic and non-singular at A = «. Let 7 denote the Hermitian projection
of C" onto f(a)~'(Imm). Then arnf = nga’;,, and f is holomorphic and non-
degenerate at .. = «a and satisfies the U (n)-reality condition.

Theorem 10.3 (Bicklund transformation for the (b, j)-flow, [29]). Suppose u is a
solution of the (b, j)-flow (2) in the SU(n)-hierarchy, and E(x, t, 1) is the frame for
the Lax pair of u such that E is holomorphic for . € C and E(0,0, 1) = L. Given
a € C\ R and a Hermitian projection  of C", set 7 (x,t) to be the Hermitian
projection of E(x, t, o) '(Immn), E = ga’,,Eg(;}%, andiu = u—+ (e —a)la, 7). Then
1. i is again a solution of (2), and E is the frame of i,

2. ifu is smooth for all (x,t) € R2, then so is u,

3. ifu(x,t) is rapidly decaying in x for all t, then so is 8o 7 * u.

Let D" denote the group of rational maps g: S> — GL(n, C) that satisfy the
U (n)-reality condition and g (co) = I. Uhlenbeck proved in [30] that D" is generated
by the set {gy.» | @ € C\ R, 7 is a Hermitian projection of C"}.

A pure soliton for the (b, j)-flow is a solution that is rapidly decaying in the spatial
variable, has no continuous scattering data and has finitely many discrete scattering
data, so its reduced wave function m(x, A) isrational in . Or equivalently, its reduced
wave function m lies in the group D' .

Corollary 10.4 ([29]). The group D’ acts on the space of solutions of the (b, j)-flow
in the SU(n)-hierarchy. In fact, if § = 8y, x| - - - 8oy, 7y then g % u = 8oy .y * (- *
(gak.n’k * l/t) e )

Corollary 10.5 ([27]). Let Eo(x,t, 1) = MM (B0 s the frame for the vacuum
solution u = 0 of the (b, j)-flow). If we apply BT (Theorem 10.3) to Eq repeat-
edly, then we obtain all pure soliton solutions of the (b, j)-flow, i.e., solutions with
continuous scattering data S = 1 and finitely many discrete scattering data.

Theorem 10.6 ([27]). Let u be the global solution of the (b, j)-flow (2) in the SU(n)-
hierarchy constructed in Theorem 7.4 with only continuous scattering data, and E its
frame. Ifwe apply BT (Theorem 10.3) repeatedly to E, then we obtain solutions of the
(b, j)-flow that have both continuous and finite discrete scattering data. Conversely,
any solution u of the (b, j)-flow in the SU(n)-hierarchy that has continuous scattering
data and finite discrete scattering data can be constructed this way.
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Theorem 10.7 (Bicklund transformation for the U (n)-system, [29]). Suppose v is
a solution of the U (n)-system, and E(x, A) is the frame for the Lax pair of v such
that E is holomorphic for A € C and E(0, A) = 1. Given a € C\ R and a Hermitian
projection T of C", set 7(x) to be the Hermitian projection of E(x, )™ '(Im ),
E = ga,nEg(;}T, and b = v + (e — @)A L, where £+ = & — Yor &iieii. Then

1. v is again a solution of the U (n)-system, and Eisa frame of the Lax pair of v,
2. if v is smooth for all x € R", then so is .

The group D’ acts on the space of solutions of the U (n)-system such that

8a.w * U = U, where v is given in the above theorem.

It is easy to see that if u is a solution of the gg'r’l; -system, s € R, and T = &, then
8is.w satisfies the U (n)/ O (n)-reality condition and g;s  * u is also a solution of the
U(n)
O(n)

-system. In general,

Corollary 10.8 ([29]). If g € D’ satisfies the Y(n) -reality condition and v is a

O(n)
solution of the IOJEZ; -system, then g x v is again a solution of the (0]2:;

-system.

11. Biacklund transformations for the space-time monopole equation

We use Lax pair (13) to construct soliton solutions and Bicklund transformations for
the monopole equation. Since the spectral parameter A in (13) is related to the spectral
parameter p in (12) by p = %, the continuous scattering data for (13) is the jump
across the real axis, and the discrete scattering data is given by the poles in C \ R and
their residues.

Definition 11.1. A monopole (A, ¢) rapidly decaying in the spatial variable is a k-
soliton if there is a gauge equivalent monopole with a frame (solution of (15)) ¥
that is rational in A with k poles, Yo = I, and lim(x,y)| 00 Y2 (x, y, 2, A) = h(X) is
independent of ¢.

We identify the set of all rank k Hermitian projections of C" as the complex
Grassmannian Gr(k, C") by 7 +— Im .

Theorem 11.2 ([33]). Let « € C\ R, mp: $2 = Grk,C" a holomorphic map,
E=1t+x),n=10t—x), 7Gxy, 1) =m(y +af +a"'n), and

o —

ga,ﬂ(x’y9t)=1+)\’

o
w(x,y,t).
-«

Then go.z is a 1-soliton monopole frame. Moreover, all 1-soliton frames are of this
Sform up to gauge equivalence.
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The following theorem is a consequence of Theorem 10.2 and the fact that A9y, — 0¢
and A9, — dy are derivations.

Theorem 11.3 (BT for monopoles, [12]). Suppose o € C \ R is a constant, and
is a frame of the monopole solution (A, ¢) (i.e., solution of (15)), and ¥ (x, y, t, T)
is holomorphic and non-degenerate at T = «. Let g4 be a 1-soliton monopole
frame, 7 (x,y,t) the Hermitian projection of C" onto ¥ (x,y,t,a)(Imm(x, y, 1)),
and ¥ = 84,785 . Then

1. 1/~f is holomorphic and non-degenerate at T = «,

2. Y1 = 8o sV = 1/~/go,,ﬂ is a frame for (15) with A ¢ given by

A, =A,,

A = (1 — @e7)h + h~' Agh,

A~y +(£ = Ay + ¢’

Ay —¢=~1-2)0y7)h +h_1(Ay — P)h,
where h = 7 + % 7t

3. (A, @) is a solution of the space-time monopole equation.

If we apply Theorem 11.3 to a 1-soliton k-times, then we get a (k + 1)-soliton
whose frame has (k + 1) distinct simple poles. Moreover, we have

Corollary 11.4. Suppose (A, ¢) is a solution of the space-time monopole equation
with only continuous scattering data and E is its frame constructed in Theorem 8.1.
If we apply Theorem 11.3 to E repeatedly, then we obtain a monopole whose frame
has both continuous scattering data and finitely many distinct simple poles.

Note that a BT for flows in the SU(n)-hierarchy adds to a given solution, a soliton
with scattering pole at o, regardless of whether the given solution already has a
scattering pole at « or not. But this is not the case for the monopole equation, so BTs
produce soliton monopole frames with distinct simple poles only. Ward and his group
([35], [19], [3], [20]) take limits of soliton monopole frames with 2 and 3 distinct
poles to construct 2- and 3-soliton monopoles with a double and a triple pole at i that
are time dependent. Dai and Terng used BT (Theorem 11.3) and a systematic limiting
method to construct rational monopole frames with arbitrary poles and multiplicities:

Theorem 11.5 ([12]). Given «; € C \ R and positive integers n; for 1 < i <k,
there are soliton monopole frames that are rational and have poles at oy, . . ., oy with
multiplicities ny, . .., ng.

Below is a more general Béacklund transformation that adds a multiplicity k pole
at A = « to a given monopole frame.
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Theorem 11.6 ([12]). Suppose r is a monopole frame that is holomorphic and non-
degenerate at A = a and ¢ is a soliton (rational) monopole frame with a single pole
at . = o with multiplicity k. Then there exist unique <;~5, 1} such that | = (ﬁlﬁ = 1}(1)
is a monopole frame, ¢ is rational with a single pole at . = o with multiplicity k,
and 1/~/ is holomorphic and non-degenerate at . = o. We use ¢ * \ to denote V1.

Theorem 11.7 ([13]). If ¢ is a monopole frame with both continuous scattering data
and finitely many poles, then there exist unique monopole frames . and ¢ such
that . has only continuous scattering data, ¢ has only discrete scattering data, and

1ﬁ=¢*%-
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