
On the local Langlands and Jacquet–Langlands
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Abstract. Let F be a locally compact non Archimedean field, and D a division algebra with
centre F and finite dimension d2 over F . Fix an integer r � 1, and let G = GLn(F ), G′ =
GLr (D), where n = rd. Smooth irreducible representations of G′ are related to those of G
via the Jacquet–Langlands correspondence, whereas the Langlands correspondence relates such
representations of G to degree n representations of the absolute Galois group of F . We review
some recent results on those correspondences, in particular on their explicit description.

Résumé. Soient F un corps commutatif localement compact non archimédien, et D un corps
gauche de centre F et de dimension finie d2 sur F . Fixons un entier r � 1 et posons n = rd,
G′ = GLr (D),G = GLn(F ). Les représentations lisses irréductibles deG′ sont reliées à celles
de G par la correspondance de Jacquet–Langlands, tandis que la correspondance de Langlands
relie celles de G aux représentations de dimension n du groupe de Galois absolu de F . Nous
passons en revue quelques résultats récents concernant ces correspondances, et en particulier
leur description explicite.
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1. Smooth representations

Let F be a locally compact non-Archimedean field, and p its residue characteristic.
So F is a finite extension of the field Qp of p-adic numbers, or of the field of Laurent
power series Fp((X)) in one variable X.

If H is a reductive linear algebraic over F , then the group H = H(F ), with its
natural topology coming from F , is locally profinite: there is a basis of neighbour-
hoods of identity consisting of open compact subgroups. We shall be interested only
in the following special cases. We letD be a division algebra with centre F and finite
dimension over F ; that dimension is necessarily a square d2, d � 1. We fix an integer
r � 1, put n = rd, and write G′

r or simply G′ for GLr (D) and Gn or simply G for
GLn(F ). Both are examples of groups H as above, and G is the special case of G′
where d = 1, n = r .

A representation of a locally profinite group H , on a complex vector space V , is
smooth if every vector v in V has open stabilizer in H . With obvious morphisms
smooth representations of H form an abelian category.
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Simple objects in that category are called irreducible: a smooth representation
(π, V ) ofH is irreducible ifV is non-zero and contains no subspace invariant underH ,
other than {0} andV . We write A(H) for the set of isomorphism classes of irreducible
smooth representations of H .

A character ofH is a group homomorphism into C×, with open kernel. Characters
of H parametrize isomorphism classes of smooth 1-dimensional representations.

We consider only locally profinite groups H such that for one – and hence for
all – open compact subgroups K , H/K is countable. In that case Schur’s lemma
is valid for an irreducible smooth representation (π, V ) of H , and in particular the
centre Z(H) of H acts on V via a character ωπ called the central character of π . In
our case the centre of G′ or G is made out of scalar matrices, and will be identified
with F×.

2. Coefficients

If (π, V ) is a smooth representation of a locally profinite group H , the group H
acts on V ∗ = Hom(V ,C) by g �→ tπ(g−1). The subspace V ∨ of V ∗ of linear
functionals which are smooth, i.e. stabilized by an open subgroup of H , carries a
smooth representation (π∨, V ∨) of V , called the contragredient of (π, V ). The
natural embedding V → V ∨∨ is an isomorphism if and only if (π, V ) is admissible,
which means that for all open compact subgroups K of H , the subspace VK of fixed
points underK is finite-dimensional; in that case (π∨, V ∨) is also admissible. When
H is reductive over F , a smooth representation of H of finite length is admissible.

A coefficient of (π, V ) is a function c on H of the form c(g) = λ(π(g)v) where
v ∈ V , λ ∈ V ∨. If (π, V ) has a central character ωπ , then c(zg) = ωπ(z)c(g) for
z ∈ Z(H), g ∈ H .

Let (π, V ) be irreducible. We say that it is cuspidal if the support of any coefficient
is compact modulo Z(H); we say it is square integrable (L2) if ωπ is unitary and for
any coefficient c of π , its absolute value |c| is square integrable onH/Z(H), for any
Haar measure on that quotient group. We let Ao(H) (resp. A2(H)) be the subset of
A(H) made out of cuspidal (resp. L2) representations.

3. The Jacquet–Langlands correspondence

That correspondence is a special case of Langlands’ functoriality principle, which
very roughly speaking says that two groups sharing many conjugacy classes should
share a large part of their representation theory. That is precisely the case for our
groups G′ and G.

An element g′ of G′ has a reduced characteristic polynomial P(g′), which is a
monic polynomial of degree n = rd in F [T ]. We say that g′ is regular semisimple if
P(g′) has no repeated root in an algebraic closure of F , and that g′ is regular elliptic
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if moreover P(g′) is irreducible in F [T ]. Two regular semisimple elements ofG′ are
conjugate in G′ if and only if they have the same characteristic polynomial. The set
G′s of regular semisimple elements inG′ is open and dense, and the setG′e of regular
elliptic elements is open.

All that applies to G as a special case. For g′ ∈ G′s , there is g ∈ Gs , unique up
to conjugation, such that P(g) = P(g′). For g ∈ Gs , there is a g′ ∈ G′s such that
P(g) = P(g′) if and only if all irreducible factors of P(g) have degree a multiple
of d; that is obviously the case for g ∈ Ge.

To express how G and G′ can share some of their representation theory, recall
that if we fix a Haar measure dg′ on G′, the convolution algebra H(G′) of locally
constant compactly supported functions on G′ acts in any smooth representation
(π ′, V ′) of G′ via π ′(f )v′ = ∫

G′ f (g′)π(g′) dg′, for v′ in V ′ and f in H(G′).
If (π ′, V ′) is admissible (in particular when π ′ has finite length), π(f ) has finite
dimensional range hence has a trace.

Theorem 1. Let (π ′, V ′) be a finite length smooth representation of G′. There is a
unique locally constant function χπ ′ on G′s , locally integrable on G′, such that for
f ∈ H(G′) we have tr π ′(f ) = ∫

G′ χπ ′(g′)f (g′) dg′.

Note that by uniquenessχπ ′ is invariant under conjugation. Also it does not depend
on the choice of Haar measure dg′ on G′. If f has support in G′s , the result is due
to Harish Chandra [27], [28], as is the general case when F has characteristic 0 [27].
When F has positive characteristic, it is more difficult and is due to B. Lemaire, first
for G [46] and recently for G′ [47].

Corollary. Let π ′
1, . . . , π

′
s be inequivalent smooth irreducible representations ofG′.

Then the functions χπ ′
1
, . . . , χπ ′

s
are linearly independent.

The Jacquet–Langlands correspondence is expressed by the following result.

Theorem 2. There is a unique bijection π ↔ π ′ between A2(G) and A2(G′) such
that χπ(g) = (−1)n−rχπ ′(g′) whenever g ∈ Ge, g′ ∈ G′e, P(g) = P(g′).

When n = 2, where G′ is D×, D the quaternion division algebra over F , the
result is due to Jacquet and Langlands [39], hence the name. For n = 3 it is due to
Flath [22] when F has characteristic 0 and to the author [33] in general. When n > 3,
r = 1, it was established by Rogawski [50] in characteristic 0 and Badulescu [2] in
positive characteristic.

Finally the general case n > 3, r > 1 was obtained by Deligne, Kazhdan and
Vignéras [21] in characteristic 0 and Badulescu [3] in positive characteristic. Note
that the method is global, it uses automorphic forms and trace formulas. Only when
n = 2 a purely local proof is known [24], see also [14].

Remarks. 1) If π ↔ π ′ as above, then ωπ = ωπ ′ and π∨ ↔ π ′∨.
2) For π ′ a smooth representation of G′ and χ a character of F×, we let χπ ′ be

the smooth representation g′ �→ χ 	 Nrd(g′)π ′(g′), where Nrd is the reduced norm
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(the determinant in the special case ofG). For π ↔ π ′ as above, and χ unitary, then
χπ ∈ A2(G), χπ ′ ∈ A2(G′) and χπ ↔ χπ ′.

4. Extending the Jacquet–Langlands correspondence

When r > 1, the groups G and G′ share more conjugacy classes than just elliptic
ones.

Theorem 3 ([4]). If π ∈ A2(G) and π ′ ∈ A2(G′) correspond as above, then

χπ(g) = (−1)n−rχπ ′(g′) whenever g ∈ Gs, g′ ∈ G′s, P (g) = P(g′).

It is natural to expect thatG andG′ also share more of their representation theory
than just discrete series.

From Remark 2 of § 3, we readily extend the Jacquet–Langlands correspondence
a bit, as follows.

A smooth representation π ′ of G′ is called essentially L2 if it is of the form χπ ′
0,

where π ′
0 is L2 and χ is a character of F×. Writing Ad(G′) for the essentially L2

elements in A(G′), we get a unique bijection π ↔ π ′ between Ad(G) and Ad(G′),
for which the assertion of Theorem 3 is still valid, and then χπ ↔ χπ ′ for all
characters χ of F×, if π ↔ π ′.

To go further, we have to use parabolic induction. For i = 1, 2, let ri be a positive
integer, and (π ′

i , Vi) a smooth representation of G′
ri

. We consider the space F of

functions f : G′
r1+r2 → V1 ⊗ V2 which satisfy

f (mu g) = δ(m)1/2(π ′
1(g1)⊗ π ′

2(g2)(f (g))

for any g ∈ G′
r1+r2 , any diagonal block matrix m in G′

r1+r2 with diagonal blocks
g1 ∈ G′

r1
and g2 ∈ G′

r2
, and any upper unipotent block matrix uwith diagonal blocks

1r1 and 1r2 . Here δ is a specific character of G′
r1

× G′
r2

with positive real values,
called the modulus character. The group G′

r1+r2 acts on F by right translations and
the subspace F ∞ of functions stabilized by an open subgroup of G′

r1+r2 carries a
smooth representation i(π ′

1, π
′
2) of G′

r1+r2 .

Note. The rôle of the modulus character is that if π ′
1 and π ′

2 are unitary – i.e. there is
aG′

ri
-invariant hermitian positive definite form on the space Vi – then so is i(π ′

1, π
′
2).

If π ′
1 and π ′

2 have finite length, the same is true of i(π ′
1, π

′
2). Writing R′

r for
the Grothendieck group of the category of finite length smooth representations of
G′
r – this is a free Z-module with basis A(G′

r ) – we get a Z-linear multiplication
R′
r1

× R′
r2

→ R′
r1+r2 such that [π ′

1] × [π ′
2] = [i(π ′

1, π
′
2] where [π ′] is the class

in the Grothendieck group of the smooth representation π ′ of finite length. Putting
R′ = ⊕

r�1 R′
r , we get a graded ring ([61] for d = 1, [58]) which is commutative;

as a special we get a graded ring R = ⊕
k�1 Rk for the groups Gk .
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Theorem (Badulescu, [4]). a) There is a unique Z-linear map JL : R → R′ sending
Rk to 0 if d � k and to R′

k/d if d || k, such that for π ∈ R and π ′ = JL(π) we have

χπ(g) = (−1)n−rχπ ′(g′) whenever g ∈ Gsrd, g′ ∈ G′s
r , P (g) = P(g′).

b) The map JL is the unique ring homomorphism which is trivial on Rk when d � k

and extends the Jacquet–Langlands correspondence on Ad(Grd) for any integer r�1.

In fact R and R′ are even Hopf algebras with a canonical involution, the Aubert–
Bernstein–Zelevinsky involution [1], [61], and JL is a Hopf-algebra homomorphism,
which preserves the involutions, up to predictable signs. The kernel of JL is the ideal
generated by the Rk for d � k.

It is expected that when π is a unitary smooth irreducible representation of Gk ,
then JL([π ]) is either 0 – in particular if d � k – or plus or minus the class of a unitary
smooth irreducible representation of G′

k/d . Badulescu [5] has proved that when π is
a local component of some discrete series representation of GLk(AE), where E is a
number field with completion F at some finite place.

Remark. The unitary elements in A(Gk) have been classified by Tadić [57], and a
similar classification is expected for A(G′

r ) [58]. By recent work of Tadić, Badulescu
and Renard [4], [5], [6], it is enough to prove the following conjecture, a result due
to Bernstein [7] for Gk .

Conjecture. Let πi ∈ A(G′
ri
), i = 1, 2, be unitary. Then π1 × π2 is irreducible.

5. The Langlands correspondence

Let F be a separable algebraic closure of F . The group Gal(F/F ) is then profinite,
and class field theory gives a canonical bijection between characters of Gal(F/F ) and
finite order characters of F×. Replacing Gal(F/F ) by a variant, the Weil group WF

[60, Appendix II], even gives a bijection between characters ofWF and characters of
F× = GL1(F ).

It was Langlands’ fundamental intuition that irreducible smooth representations
ofGn, n � 2, are intimately related to degree n smooth representations ofWF , cusp-
idal representations ofGn corresponding to irreducible representations ofWF . Write
Go(n) for the set of isomorphism classes of irreducible degree n smooth representa-
tions of WF .

Theorem. There is a unique family of bijective maps Go(n) → Ao(Gn), σ �→ π(σ),
such that

1) for n = 1, it is given by class field theory;

2) for n, m � 1, σ ∈ Go(n), τ ∈ Go(m) we have

L(σ ⊗ τ, s) = L(π(σ)× π(τ), s) and ε(σ ⊗ τ, s, ψ) = ε(π(σ )× π(τ), s, ψ)

for all non-trivial characters ψ of F .
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Here the L-factors are of the form P(p−s)−1, P ∈ C[X], P(0) = 1, and the ε
factors are monomials inp−s . TheL-factor on the left isArtin’s, whereas the ε-factors
on the left have been defined by Langlands and Deligne [20], generalizing Tate’s thesis
[59] which concerns characters of F×, i.e. one dimensional representations of WF .
TheL-factors and ε-factors on the left are those defined by Jacquet, Piatetski–Shapiro,
and Shalika [40], or equivalently Shahidi [54], [55], a very different generalization
of Tate’s thesis. It is wonderfully ironic that both generalizations turn out to be “the
same”.

Remark. The central character of π(σ), for σ ∈ Go(n), corresponds to the character
det σ of WF via class field theory. Also π(σ∨) = π(σ)∨.

The theorem is due to Laumon, Rapoport and Stuhler [45] when F has positive
characteristic, and to M. Harris and R. Taylor [32], see also [30], [31] forp-adic fields.
Both proofs are global and geometric, using automorphic forms, trace formulas and
the geometry of Drinfeld or Shimura modular varieties. They also rely on counting
arguments due to the author [34].

The proof in positive characteristic is easier because one can exploit then the
functional equation for the L function of an �-adic representation of global Galois
groups. Of course the theorem is now also a consequence of L. Lafforgue’s result
[43] establishing the Langlands conjecture for global fields of positive characteristic.
In characteristic zero, the set of Galois L-functions for which one can prove a func-
tional equation is much more restricted, and one has to use Harris’ approach [29].
The method in [32] uses heavily the geometry of Shimura varieties at places of bad
reduction, which has the advantage of yielding a geometric model for the Langlands
correspondence – that is also the case for [45]. The author has given a simpler proof
[36], which uses the same Shimura varieties but only at places of good reduction,
where it is much easier to get – but one does not get the geometric model that way.

It is highly desirable to find a proof not relying on geometry, and ideally a purely
local proof. However the program of C. J. Bushnell and the author [9 and references
therein] faces obstacles in establishing the necessary properties of the ε-factors for
pairs above. In the simplest cases n = 2, 3 the following can be proved ([41] for
n = 2, [33] for n = 3) without geometry.

Theorem. Let n be 2 or 3. There is a unique bijective map Go(n) → Ao(Gn),
σ �→ π(σ), such that ε(χσ, s, ψ) = ε(χπ(σ), s, ψ) for all non-trivial additive
characters ψ of F and all characters χ of F×.

Here χσ denotes the representation g �→ χ̃(g)σ (g) of WF , where χ̃ is the char-
acter of WF corresponding to χ via class field theory.

The proof uses automorphic forms on global fields and trace formulas, even for
n = 2. It is only recently that Bushnell and the author found a proof for n = 2,
essentially local, which does not use automorphic forms [14].

Remark. The Langlands correspondence preserves more than the L and ε factors
considered in the theorem. For example, the author shows in [37] that if σ ∈ Go(n)
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then

L(�2σ, s) = L(τ(σ ),�2, s) and

L(S2σ, s) = L(τ(σ ), S2, s)

where theL-factors on the right are those defined by Shahidi [55]. The corresponding
ε-factors are also preserved, at least up to a non-zero constant (depending on σ ).

6. Explicit Langlands correspondence in the tame case

All elements of Ao(Gn) have been constructed explicitly by Bushnell and Kutzko
[15], see also [8]: for each π ∈ Ao(Gn) they describe an open subgroup J of Gn,
which contains the centre Z and is compact mod Z, and a finite dimensional smooth
irreducible representation λ of J such that π is obtained from λ by smooth induction
(a simpler variant of the construction in § 4). When n is prime to p, the so-called tame
case, the construction goes back to R. Howe [38], and when n = p to Carayol [19],
but the general case is much harder.

It is natural to ask for an explicit description of the Langlands correspondence in
terms of such a construction. When p divides n it is out of reach at present: only the
case n = p = 2 is reasonably settled [42], [14]. In the tame case Howe parametrized
both Go(n) and Ao(Gn) in terms of admissible pairs (E/F, θ), whereE/F is a degree
n extension, θ a character of E× not factorizing through an intermediate normNF/E′
F ⊂ E′ ⊂ E,E′ 
= E, and such that if θ restricted to principal units ofE does factor-
ize, thenE/E′ is unramified. There is then a canonical map (E/F, θ) �→ π(E/F, θ)

giving a bijection between admissible pairs up to isomorphism and Ao(Gn); see [49]
for a precise construction, or [12].

On the other hand, if (E/F, θ) is an admissible pair, θ can be seen as a character of
the Weil groupWE , which is an open subgroup of index n of the Weil groupWF . We
can then form σ(E/F, θ), the degree n smooth representation of WF induced from
the character θ of WE . The map (E/F, θ) �→ σ(E/F, θ) gives a bijection between
admissible pairs, up to isomorphism, and Go(n).

However, the determinant of σ(E/F, θ), seen as a character of F×, differs in gen-
eral from the central character of π(E/F, θ), so π(E/F, θ) cannot be π(σ(E/F, θ)).
Recently C.J. Bushnell and the author obtained the following result, in the more gen-
eral essentially tame situation where n is not necessarily prime to p but E/F is still
tamely ramified of degree n.

Theorem ([12]). Let (E/F, θ) be an admissible pair with E/F tamely ramified of
degree n. Then there is a unique tamely ramified character μ = μ(E/F, θ) of E×
such that π(σ(E/F, θ)) = π(E/F,μθ).

The twisting characterμ has been computed, at least whenE/F is totally ramified
[13]. The answer is easy to state only when n is odd; moreover when n is even, the
answer does not coincide in general with the recipe conjectured in [49].
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7. Explicit Jacquet–Langlands correspondence, r = 1

An explicit construction of A(G′
r ) or even its cuspidal part Ao(G′

r ), is not known in
general (see § 8). However, when r = 1, the group G′

1 = D× is compact modulo
its centre Z and all its irreducible smooth representations are cuspidal and finite-
dimensional. They have been constructed by E.-W. Zink [62] and, in terms closer
to [15], by P. Broussous [16]. In the tame case, when d is prime to p, the construc-
tion goes back to R. Howe [38], see also [48], [49]: there is a natural construction
(E/F, θ) �→ π ′(E/F, θ) which parametrizes A(G′

1) = A(D×) via isomorphism
classes of admissible pairs of degree [E : F ] dividing d.

In the case where E/F is totally ramified of degree n, there is an unramified
quadratic character η of E× such that π(E/F, θ) corresponds to π ′(E/F, ηθ) via
the Jacquet–Langlands correspondence [35, when n is prime]. A similar answer is
expected in general but does not seem to be available yet.

More interesting, because the construction is much more involved, is the totally
wild case, when n is power of p and we consider π ∈ Ao(Gn) such that there is no
unramified character χ of F× for which χπ is isomorphic to π . In that case [15]
π is constructed from a so-called “simple” pair (β, θ) where β is an element of G
generating a totally ramified extension E/F of degree n; to such an element β are
attached two open subgroups J = J (β) and H 1 = H 1(β), θ is a character of H 1 of
a very specific shape, and π is induced from a representation λ of J with restriction
to H 1 isotypic of type θ . There certainly exists β ′ ∈ G′ with P(β) = P(β ′) and
there is a natural procedure to deduce from θ a similar character θ ′ of some open
compact subgroup H 1(β ′) of D× and then from λ a similar representation λ′ of an
open compact subgroup J (β ′) which induces to π ′ ∈ A(D×). The main result of
[11] (see [10] when n = p) states that, at least when p is odd, π corresponds to π ′
under the Jacquet–Langlands correspondence.

8. Construction and explicit Jacquet–Langlands correspondence,
1 < r < n

Generalizing the above constructions to intermediate cases 1 < r < n is not easy,
even when restricting to tame or totally wild situations! Moreover one wants to deal
with L2 representations and not only with cuspidal ones.

This is already visible in the so-called “level-zero” case, where one considers
the Jacquet–Langlands correspondence π ↔ π ′ for π corresponding to a tamely
ramified representation ofWF : inG′

r = GLr (D), this translates into the property that
in the space of π ′ there is a non-zero vector fixed under the compact open subgroup
1 + PDMr(OD) where OD is the ring of integers of D and PD its maximal ideal.
We say that such π ′ ∈ Ad(G′

r ) have level zero. Level zero elements of Ad(G′
r )

or Ad(Gn), n = rd, are parametrized by admissible pairs (E/F, θ), where E/F is
unramified of degree dividing n, and θ is a tamely ramified character ofE×. However
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it is hard to label exactly the representation corresponding to (E/F, θ), and even more
difficult to get the Jacquet–Langlands correspondence explicit in that level zero case.
That was recently accomplished by Grabitz, Silberger and Zink [26], [56].

The higher level case is even more difficult, and has been subject to investiga-
tions of P. Broussous and M. Grabitz [17], [18], [25] and V. Sécherre [51], [52], [53].
By analogy with [61] and [15], they construct “simple” pairs (β, θ) as above in G′

r .
Sécherre then follows the procedure of [15], and constructs [51], [52] from a simple
pair (β, θ) a simple type (J, λ) inG′

r as in § 7, and controls its intertwining, so that in
particular it is known when λ gives rise by induction to cuspidal smooth irreducible
representations of G′

r ; in the contrary case, Sécherre computes the intertwining al-
gebra, which in particular tells how many elements in Ad(G′

r ) one can get from λ

[53]. It remains to prove that all of Ad(G′
r ) has been obtained: this is the problem of

exhaustion. Grabitz has obtained some partial results in that direction [25].
This is only for the explicit construction of Ad(G′

r ) in the higher level case:
describing the Jacquet–Langlands correspondence explicitly is harder.

As a final remark, let me mention that once exhaustion is proved, Sécherre’s result
on the intertwining algebra will imply the conjecture of Tadić mentioned in § 4.
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