Hecke algebras and harmonic analysis

Eric M. Opdam*

Abstract. Iwahori—Hecke algebras are ubiquitous. One encounters these algebras in subjects as
diverse as harmonic analysis, equivariant K -theory, orthogonal polynomials, quantum groups,
knot theory, algebraic combinatorics, and integrable models in statistical physics. In this ex-
position we will mostly concentrate on the analytic aspects of affine Hecke algebras and study
them from the perspective of operator algebras. We will discuss the Plancherel theorem for these
type of algebras, and based on a conjectural invariance property of their (operator algebraic)
K -theory, study the structure of the tempered dual.
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1. Introduction

Let G be a group and let K C G be an almost normal subgroup of G, i.e. a subgroup
whose double cosets are finite unions of one-sided cosets. The Hecke algebra of the
pair (G, K) is the convolution algebra of Z-valued functions with finite support on the
double coset space K\G/K. More generally, given a K-module (M, o) (over some
commutative, unital ring R) one considers the convolution algebra Hr(G, K, o) of
Endg(M")-valued (K, o“)-spherical functions which are supported on finitely many
double cosets of K. Hecke algebras were introduced in this abstract setting by Shimura
in the 1950s, following the original work of Hecke on certain linear operators acting
in a space of modular forms. The study of representations of Hecke algebras in spaces
of modular forms is of basic importance for the study of modular forms.

Later it became apparent that this concept is also fundamental for understanding
the representation theory of finite reductive groups, and this seems also true for p-adic
reductive groups. Let k be a non-archimedean local field and let G be the group of
k-points of a connected reductive group defined over k, equipped with the locally
compact, totally disconnected Hausdorff topology it inherits from k. Any compact
open subgroup K C G is almost normal, hence in this situation we have a large
supply of Hecke algebras of the form Hc (G, K, o) where (V,;, o) is a complex finite
dimensional smooth representation of K.
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The fundamental and beautiful result which is the underpinning of the application
of these Hecke algebras to the representation theory of G is Bernstein’s Decompo-
sition Theorem [11]. It states that the category of smooth representations of G has
a canonical decomposition as a product of blocks 9Rs which are parametrized by the
components s of the Bernstein variety X of “supercuspidal pairs” (L, p) modulo
G-conjugacy, where L C G is a Levi-subgroup, and where p is an irreducible su-
percuspidal representation of L, i.e. a representation whose matrix coefficients are
compactly supported modulo the center of L. Each block is by construction equiv-
alent to the category of modules over a two sided ideal C2°(G); of the convolution
algebra C2°(G) of compactly supported, locally constant complex valued functions
on G (for the sake of this exposition I will refrain from calling C2°(G) the Hecke
algebra of G, although it is customary to so).

It is a major question how to describe the blocks $R;. Bushnell and Kutzko [16],
[17] introduced the notion of s-types. A pair (K, o) is called an s-type if the block R
consists precisely of those smooth representations of G which are generated by their
(K, o) isotypic component. In that case the functor V. — Homg (V,, V|g) is an
equivalence from R, to the category of #c (G, K, o)-modules. This notion of types
originates from the work of Borel [14], who showed that an irreducible smooth G-
module V is a subquotient of the unramified principal series iff V contains fixed
vectors with respect to an Iwahori subgroup B C G (the corresponding component
of X is called the “Borel component”). Through the work of Bushnell and Kutzko
(loc. cit.), Morris [51], [52], and Moy and Prasad [53] s-types are known to exist in
many cases. For instance s-types always exist for “level 0” components s.

The algebra Hc(G, K, o) comes equipped with a trace tr: f — trace(f(e))
and a = structure f*(g) = f(g~")*. This defines a canonical C*-algebra closure
Ci(H,K,o)of Hc(G, K, o) (the reduced C*-algebra) which is of type I and comes
with the distinguished faithful trace tr. The equivalence between a block R4 and the
module category of the Hecke algebra Hc (G, K, o) of an s respects this structure,
and the Plancherel measure of G restricted to the irreducible representations in the
block R; coincides with the spectral measure of the trace tr. We normalize tr to
obtain a tracial state T on C*(H, K, ¢), and we refer to its spectral measure as the
“Plancherel measure of Hc(G, K, 0)”. The theory of types seeks to decompose
the harmonic analysis on G essentially in two separate parts: (1) knowledge of the
supercuspidal representations of all Levi subgroups L C G and (2) knowledge of the
Plancherel measure of the Hecke algebras Hc (G, K, o) [15].

As a complement to these results, the structure of the Hecke algebra Hc (G, K, o)
of an s-type can be described fairly explicitly in various cases. In the case of the
Borel component this algebra is the Iwahori—-Hecke algebra # (W, q) [32], where W
is an extended affine Weyl group which can be attached to G by Bruhat-Tits theory,
and where ¢ is a label function on W which is defined in terms of the structure of a
(generalized) affine BN-pair for G and the cardinality q of the residue field of k. By
results of Morris (loc. cit.) and Lusztig [41] the Hecke algebra Hc (G, K, o) of atype
(K, o) of level 0 is always a twisted crossed product of an Iwahori—Hecke algebra of
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the form #(W’, ¢) (for a certain affine Weyl group W’ and label function ¢’) and a
group C(K, o) (where the 2-cocycle lives on C(K, 0)). These results draw heavily
on the work of Howlett and Lehrer [31] who successfully followed a similar approach
for the representation theory of finite groups of Lie type.

The above exposition makes a quite compelling case for the study of an Iwahori—
Hecke algebra # (W, q) as an object of (harmonic) analysis and the spectral problem
described above. Indeed, this point of view did not go unnoticed and in some sense
was already promoted by Matsumoto in [47]. But it turns out that it is quite difficult
to carry it out. The description of the support of the Plancherel measure amounts
to the description of the tempered dual of #(W, g). Using geometric methods of
a completely different nature this problem was solved explicitly by Kazhdan and
Lusztig in their profound paper [34], in the special case of the “Borel component”
when in addition G is split semisimple and of adjoint type. Lusztig [41], [42] has
in principle solved such classification problems in greater generality, when G splits
over an unramified extension of k, and o is a cuspidal unipotent representation. These
methods do not give information on the Plancherel measures.

Iwahori—Hecke algebras also play a fundamental role in a wide range of other areas
for some of which the aforementioned spectral problems are of immediate interest,
such as integrable models in mathematical physics (the Calogero—-Moser systems
[29], [54], and also the generalized quantum Bose gas with delta function potential
and the nonlinear Schrodinger equation [27], [24]), and the theory of multivariable
orthogonal polynomials and special functions [46], [19]. These applications have
led to interesting new directions in the theory of Hecke algebras (most notably Ivan
Cherednik’s double affine Hecke algebra [18], [19]) and this in fact raises challenging
new questions in harmonic analysis. We also mention the role of the Hecke algebra
for unitarizability of Iwahori-spherical representations [5], [6].

Therefore it is a problem of considerable interest to describe the Plancherel mea-
sure of the Iwahori—-Hecke algebras (W, q) of affine type (simply called “affine
Hecke algebras” in the sequel) explicitly, and it is this problem that we will address in
this paper. The paper has three parts. In the sections 2—4 we review results of [56] on
the L?-completion of the affine Hecke algebra. The main results are: (1) An algebraic
characterization of the central support of the tempered spectrum. (2) The Plancherel
density depends up to constants independent of ¢ only on the central character. (3)
An explicit product formula for the formal dimensions of the discrete series, up to
constants independent of g. The sections 5-6 give an overview of the joint work of
Patrick Delorme and myself [22], [23] on the Schwartz algebra completion of the
affine Hecke algebra. Here we discuss the geometric structure of the tempered dual
by means of the analogue of results of Harish-Chandra [25], [26] and Knapp—Stein
[36] on analytic R-groups. Finally in Sections 7-8 we discuss various natural con-
jectures on the K -theory of the Schwartz algebra. In the three parameter example of
type Cﬁff we indicate how these conjectures lead in fact to complete description of
the tempered dual. In striking contrast to the geometric methods mentioned above,
the affine Hecke algebras with generic unequal parameters should be considered as
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the most basic cases from this point of view. Using the conjectures, all non-generic
cases are understood by deformation to the generic case.

2. Affine Hecke algebras

The structure of an affine Hecke algebra # = H (R, q) is determined by an affine
root datum (with basis) R together with a label function ¢ defined on the extended
affine Weyl group W associated to R. We refer the reader to [39], [56], [22] for the
details of the definition of the algebra # (R, g), which we will only briefly review
here.

Let R = (X, Ro, Y, R(Y , Fo) be a root datum (with basis Fyp C X of simple roots
of Ry C X). This means that Ry is a (reduced, integral) root system with basis of
simple roots Fy, that Rg is the coroot system of Ry, and that X, Y are lattices in
duality such that Ry C X and Rg C Y. For example take X = P(Ryp), the weight
lattice of Ro, and ¥ = Q(Ry)), the root lattice of Rj. If a := R ®z Y is spanned by
the coroots we call R semisimple.

Let Wy = W (Rp) denote the Weyl group of the reduced integral root system Ry.
The extended affine Weyl group W associated with R is by definition W = Wy x X.
The affine root system R is equal to R := Ry x Z C Y x Z. We view elements
of Y x Z as affine linear functions on X with values in Z. Observe that R is closed
for the natural action of W on the set of integral affine linear functions ¥ x Z on X.
Furthermore R is the disjoint union of the sets of positive and negative affine roots
R = R4 U R_ as usual, and we define the length function / on W by

I(w) = |Ry Nw 'R_]|. 2.1)

A label function g: W — C* is a function which is length multiplicative (i.e.
q(uv) = q(u)q ) if [(uv) = I(u) + 1 (v)) and which in addition satisfies g(w) = 1
if [(w) = 0. Thus a label function is completely determined by its values on the set
ST of affine simple reflections in W. It follows easily that its restriction to ST is
constant on W-conjugacy classes of simple reflections. Conversely, any C*-valued
function on S with this property extends uniquely to a label function.

For the purpose of this analytic approach to affine Hecke algebras we will work
with positive real label functions only.

Definition 2.1. We denote the set of all positive real label functions for R by @ = Q.
For later reference, we choose a base ¢ > 1 and define f; € R such that ¢(s) = ¢/
for all s € S2ff,

Definition 2.2. Given a root datum R and a positive real label function ¢ € @ there
exists a unique complex associative unital algebra # with C-basis N,, (w € W) sub-
ject to the following relations (here ¢ (s) 172 denotes the positive square root of g (s)):

(@) Nyy = N, N, forall u, v € W such that [ (uv) = I(u) + [(v).
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() (Ns +q(s)"2)(Ny — q(s)!/?) = 0 forall s € ST,
We call # = #H(R, q) the affine Hecke algebra associated with the pair (R, gq).

Remark 2.3. We equip @ in the obvious way with the structure of the vector group
Rﬁ where N denotes the number of W-conjugacy classes in S*T. Given the base
q > 1 we identify @ with the finite dimensional real vector space of real functions
s — fs on SMT which are constant on W-conjugacy classes (see Definition 2.1). In
this sense we speak of (linear) hyperplanes in @ (this notion is independent of ¢). By
a half line in @ we mean a family of label functions ¢ € @ in which the f; € R are
kept fixed and are not all equal to O and ¢ is varying in R.;. As we will see later,
for many problems it is interesting to consider the family of Hecke algebras when ¢
varies in a half line in @ (“changing the base”).

2.1. Root labels for the non-reduced root system. The label function ¢ on W can
also be defined in terms of root labels for a certain possibly non-reduced root system
which is associated with R. We define Ry, associated with R by

Ru = RoU {2a | a” € Ry N2Y}. (2.2)

Observe thata +2 € Wa foralla € R, butthata + 1 € Wa iffa = oV + n with
20 ¢ Ryr. For affine simple roots a € F*T (and thus in particular for a € Fy) we
define

Ja+1 = q(Sa), (2.3)

and we extend this to a W-invariant function a — ¢, on the affine root system R (this
is possible in a unique fashion). Now for @ = 28 € R\ Rg we define

qpv+1
Gov 1= BHL (2.4)

qpv

In this way the set of label functions g on W corresponds bijectively to the set of
positive Wy-invariant functions Ry 3 o — ¢4V .

2.2. Bernstein presentation. There is another, extremely important presentation
of the algebra #, due to J. Bernstein (unpublished) and Lusztig [39]). Since the
length function is additive on the dominant cone X, the map X* 3 x — N, is
a homomorphism of the commutative monoid X with values in #*, the group of
invertible elements of #¢. Thus there exists a unique extension to a homomorphism
X 3 x — 0, € F* of the lattice X with values in J€*.

The abelian subalgebra of # generated by 6,, x € X, is denoted by +. Let #y =
FH(Wy, qgo) be the finite type Hecke algebra associated with Wy and the restriction gg
of g to Wy. Then the Bernstein presentation asserts that both the collections 8, Ny,
and N0, (w € Wy, x € X) are bases of € over C, subject only to the cross relation
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(forall x € X and s = 5, wWith @ € Fp):

Qst - Nses(x) =

1/2 —1/2 0x—6g(x .
(g0 — g/l if 20 & Rur, (2.5)

12 172 —1/;1 —1/2 12 —172

QX_QSX 3
(o 125" = Qo 19w )+ (@ = ' 0-a) 75 if 20 € Rur.

2.3. The center Z of #€. From the Bernstein presentation of # one easily derives
the following fundamental result, the description of the center of F¢.

Theorem 2.4 (Bernstein). The center Z of H is equal to AY0. In particular, ¥ is
finitely generated over its center.

As an immediate consequence we see that irreducible representations of J are
finite dimensional by application of (Dixmier’s version of) Schur’s lemma.

We denote by T the complex algebraic torus T = Hom(X, C*) of complex
characters of the lattice X. The space Spec(Z) of complex homomorphisms of Z
is thus canonically isomorphic to the (categorical) quotient Wy\7. By Bernstein’s
theorem and Schur’s lemma we obtain a continuous, finite, surjective map

z: Irr(#H) — MaxSpec(Z) = Wo\T, [rm]+— z(m), (2.6)

where Irr(#), the set of equivalence classes of irreducible representations of #¢,
is given the usual Jacobson topology via its identification with the primitive ideal
spectrum of . We call this map the (algebraic) central character.

3. L2-theory and abstract Plancherel theorem

We will study # via certain topological completions of #. In this section we will
study the L2-completion of # and the associated reduced C*-algebra of #.

3.1. #¢ as aHilbertalgebra. Itisabasic fact that the anti-linear map * on #¢ defined

by
(> culuw) = Y Tl G.1)

weW weW

is an anti-involution of #¢, making (#, *) into an involutive algebra. In addition, the
linear functional t defined by

r( 3 chw) —c, (3.2)
weW

is a positive trace on (¥, *). In particular, the sesquilinear pairing (x, y) := t(x*y)
defines a pre-Hilbert structure on #.
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Definition 3.1. We call L?(#) the Hilbert space completion of #. Observe that the
elements N,, (w € W) form a Hilbert basis for L(#).

It is easy to see that the regular representation of #f extends to a representation
of # in B(L?(#)), the algebra of bounded linear operators on L>(#). This gives #
the structure of a unital Hilbert algebra, with its Hermitian form defined by the finite
positive trace t.

3.2. The reduced C*-algebra € of #. The following results on the reduced C*-
algebra of # go back to [47].

Definition 3.2. We define the reduced C*-algebra € of # as the norm closure of
MH) C B(L2(H)), where A denotes the left regular representation of . We
identify ¢ with a dense subspace of L?(J#) via the continuous injection ¢ 3 x —
x(1) € L2(#).

Let A (resp. p) denote the left (resp. right) regular representation of ¢ on L>(#).
One has the following basic statements:

Corollary 3.3. The C*-algebra completion € of H has type I, and t extends to a
finite tracial state of € such that .. = ,; (resp. p = p;), where Ay (resp. p;) denotes
the left (resp. right) GNS-representation of € associated with .

Standard results in the spectral theory of C*-algebras of type I yield the following:

Corollary 3.4. There exists a unique positive Borel measure [Lp| on ¢, the Plancherel
measure of H#, such that we have the following decomposition of t in irreducible
characters of ¢:

T :/ é)(ndum(ﬂ)- (3.3)

4. The Plancherel measure

We will now address the problem to describe the spectrum ¢ of € and the Plancherel
measure up. The spectrum of € is a rather complicated topological space. But
it turns out that pupj-almost everywhere it can be described by a simpler structure,
namely a compact orbifold. This orbifold is represented by (in the sense of [50])
a groupoid of unitary standard induction data ‘Wg, which is canonically associated
with the affine Hecke algebra #€ (see [56], [22]). Its space of objects E, consists of
induction data of #¢ and the arrows Wg, are twisting isomorphisms between induction
data. We will exhibit an explicit (up to some positive real multiplicative constants
which are independent of the base ¢)) positive measure @ on the compact orbifold
|8, | := W\ &, such that a suitable open dense subset of (| &, |, i) with acomplement
of measure 0 describes (é, upr) almost everywhere.
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The method in [56] to find this almost explicit Plancherel formula is a calculation of
residues, starting from a basic complex analytic representation of 7 as an integral over
a certain rational n-form with values in the linear dual of #, over a coset pT,, C T of
the compact real form 7, with p € T;5 := Hom(X, R ) far in the negative chamber
[55]. Although such residue computations are certainly not new (see e.g. [1], [2],
[38], [49]), the treatment of the uniqueness of residue data is new and is based on a
simple geometric lemma in distribution theory which goes back to joint work with
Gert Heckman [27]. This improved treatment of the residues is surprisingly powerful.
It is sufficient to compute the Plancherel measure of the center Z of # explicitly, and
in particular the central projection of the support of the Plancherel measure follows
exactly [56] (see also [30]). In combination with Lusztig’s results on the structure of
completions of affine Hecke algebras at central characters (see [39]) we reorganize in
[56] the residues according to parabolic induction and we derive the Maass—Selberg
relations, the unitarity of the normalized intertwining operators, and finally the explicit
(up to positive real factors) product formula for the Plancherel density.

4.1. The discrete series representations. Let us first recall the definition of the
discrete series and of tempered representations:

Definition 4.1. An irreducible representation (V, m) of J is called a discrete series
representations if it is equivalent to a subrepresentation of (L?(#), A). Equivalently,
(V, ) is a discrete series representation if its character y, extends continuously
to L>(J¢).

Remark 4.2. As an immediate consequence of this definition, a discrete series repre-
sentation (V, ) can be equipped with an Hermitian inner product ( -, -) with respect
to which 7w (h*) = 7 (h)* for all h € F€. Such a Hilbert space representation of # is
called unitary.

We will describe an algebraic criterion for a central character Wor € Wy\T to be
the central character of a discrete series representation. For this we need to introduce
the Macdonald c-function (see [45], [55]). This c-function is introduced as an element
of the field of fractions of 4. The ring 4 can be interpreted as the ring of regular
functions on T via 6, — x, and thus the c-function can be interpreted as a rational
function on T. Explicitly, we put

ci=[] co (4.1)

(XGRL_'.

where c,, is defined for « € R by

—-1/2 —-1/2 —
(I+ qav/ 9—0[/2)(1 - qav/ anlve—a/Z)
Co i= .
1 —60_q4
The square roots here are positive square roots; observe that this formula makes sense:

if /2 ¢ X then we have ¢o,v = 1 (since 2a” & Ry;) and thus the numerator reduces
to (1 — anG_a),

4.2)
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We remark that there is no problem in defining the pole order of the rational
function

(1) = (c(t)ee™ )™ (4.3)

atapoint g € T, since v(t) is equal to a product of the rational functions of the form
(ca(t)cg(t~1))~! (with @ € R;). This function is the pull back via «/2 (or @) of a
rational function on C* and so it has a well defined pole order at #y. The pole order
of v(¢) at 1y is defined as the sum of these pole orders.

The following theorem is of crucial importance.

Theorem 4.3 ([56, Corollary A.12]). For any point tg € T, the pole order of v(t) at
to is at most equal to the rank tk(Rg) of Ro.

Definition 4.4. We call tp € T a residual point if the pole order of v(¢) at t is equal
to the rank rk(X) of X.

Theorem 4.3 was proved in [56] by reducing it to a case by case inspection using
the classification of residual points for graded Hecke algebras in [27], Section 4 !.
The following result follows easily from Theorem 4.3.

Corollary 4.5. For any root datum R and positive real label function q the set of
residual points in T is a finite union of Wy-orbits. This set is nonempty only if
rk(Rgy) = rk(X).

Example 4.6 (The split adjoint case). By the split adjoint case we mean that f; = 1
foralls € S and X = P. The work of Kazhdan and Lusztig [34] implies (see [56],
Appendix B for the translation) that the residual points are the points of T of the
following form. Let G be the Langlands dual group, i.e. the complex semisimple
group with root datum R (G is simply connected). Then T is a maximal torus for G.
Let s € T, be such that G; C G is semisimple. Let O be a distinguished unipotent
orbit of G and choose a homomorphism ¢: SL2(C) — G with the property that

11 qg'? 0 )
€@ and c:= _ eT.
¢< 0 1 ) ¢>( 0 ¢\~

Then r = sc € T is a residual point, and all residual points in this case are of this
Sform.

In general there exists an effective algorithm to classify the set of residual points
for any root datum R with indeterminate positive real label function g (see [56,
Theorem A.7]). The residual points come in finitely many generic families of residual
points:

IThe notion of a residual point in [27] seems more restrictive at first sight since it involves the existence
of a full flag of intermediate “residual subspaces”. In [56], Lemma A.11 we show however that this technical
condition is always fulfilled. The existence of such full flags is the main tool for the classification of residual
points in [27].
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Proposition 4.7. Let R be a semisimple root datum. There exists a nonempty finite
Wo-invariant set Res of generic residual points r: @ — T of R. If r € Res then
r(q) = s.c(q) where s € T, (T, denoting the compact real form of T) is independent
of q, and such that rank(Rg s) = rank(Ry), and where c: @ — Ty (Tis being the
connected component of the split real form of T) is a group homomorphism such that
for all @ € Ry, a(c)? is a monomial in the root labels qpv (B € Ryr). For each
generic residual point r € Res there exists an open set @, C @ (depending only on
the orbit Wor) which is the complement of finitely many (rational) hyperplanes in @,
such that r(qo) is residual iff qo € @, (see [56, Theorem A.14]).

Remark 4.8. For each R one can explicitly determine the generic residual points r
and the sets @,. From the classification one can check that all residual points r € T

of R have the important property that e Wor.

The following theorem expresses the central support of the discrete series repre-
sentations of J in terms of residual points of 7.

Theorem 4.9 ([56, Theorem 3.29]). An orbit Wor € Wo\T is the algebraic central
character of a discrete series representation of # if and only if r € T is a residual
point. In particular, the set A g of equivalence classes of discrete series representa-
tions of H is finite, and is nonempty only if tk(Rg) = rk(X).

As a consequence of the residue calculus one obtains an almost explicit product
formula for the formal dimension (the Plancherel mass) of the discrete series as a
function of the base q.

Theorem 4.10 ([56, Corollary 3.32, Theorem 5.6]). In this theorem we fix f; € R
and we denote the corresponding half line in @ by £ C @ (see Remark 2.3).

Notice that for each r € Res we have either £ C @, or LN @, = @. Letr € Res
be such that L C @Q,. Via scaling isomorphisms [56, Theorem 5.6] there exists a
finite (trivial) fibration Ay, — L whose fiber at q € L is Aw,,(y), the finite set of
discrete series representations of H (R, q) with algebraic central character Wor (q).

Recall that we view q > 1 as coordinate on L. The expressions a(r) = a(r(q))
and quv (o € Ryr) with g € L are thus viewed as functions of ¢ > 1. For each
connected component 8§ C Ay, there exists a nonzero real constant ds € R* inde-
pendent of q such that for all q € L,

q(wo) l_[;eR1 (a(r) —1)
/ 172

4.4)
Toer, @) + 1) [Ther, (@3 rava)V/2 = 1)

up1({8(q)}) = ds

where ]_[/ denotes the product in which we omit the factors which are equal to 0.

Remark 4.11. (a) Observe that only the constant ds depends on §; the other factors
only depend on the central character Wyr of §.

(b) It was shown by Mark Reeder [57] that this leads to an effective way to
determine L-packets of square integrable unipotent representations for exceptional
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p-adic Chevalley groups (also see [28]) by considering the almost explicit product
formulae for the Plancherel densities of the unipotent representations as a function
of g, the cardinality of the residue field 2. Lusztig [41], [42] has given a more general
parameterization of the unipotent L packets from a different point of view. In the
cases considered the partitions of the set of square integrable unipotent representations
coincide [57].

(c) This formula is explicit up to the nonzero real constant ds. We remark that if
the restrictions xs| 4 of the characters xs with é € Ayy,, are linearly independent then
ds € Qfor all 5 € Aw,, ([56, Remark 3.35]). However we do not know this linear
independence, and in fact for the more general class of tempered representations of
FH (R, q) it is easy to find counterexamples for this. In any case, we conjecture that
ds € Q (see [56], Conjecture 2.27).

(d) The constants ds were computed for the exceptional root systems (in the case
q(s) = q forall s € ¥, and X = P) in terms of the Kazhdan—Lusztig parameters
of § by Mark Reeder [57].

(e) An irreducible representation of # is a discrete series if and only if its matrix
coefficients have exponential decay with respect to the norm function & on W (see
Definition 5.1); this follows from the Casselman conditions (see [56, Lemma 2.22,
Theorem 6.1(ii)]). In particular these matrix coefficients belong to the Schwartz
algebra 8 C € (see Definition 5.1), and this shows that the discrete series are isolated
points in ¢

4.2. Standard parabolic structures. We will now concentrate on the higher dimen-
sional spectral series. Let & denote the power set of Fy. Let Rp C Ry be the root
subsystem RP N Ry. Notice that P is a basis of simple roots for Rp. With P € 5 we
associate the sub root datum R¥ := (X,Rp,Y, R,VJ, P). The associated nonreduced
root system R (RF) is equal to Ry, (RF) = RP N Ry, hence we can restrict the root
labels on Ry to Rp . This defines a label function qP for the affine Weyl group of
the root datum R¥. We now define the subalgebra

HP = H(RT, q") — H. (4.5)

This affine Hecke algebra will typically not be semisimple. Its semisimple quotient
is called #p, the quotient of #* by the two sided ideal generated by 6, — 1 where
x € ZP := {x € X | x(@¥) = OVa € P}. Notice that the elements 6, with
x € ZF are central in #°. Let us denote by X p the quotient Xp = X/Z”, and
by Yp = Y NRPY C Y its dual lattice. This gives us a semisimple root datum
Rp:=(Xp,Rp,Yp, RIVJ, P). Again we see that Ry, (Rp) = RP N Ry, so from the
restriction of the root labels on Rp; to Ry (RF) we can define a label function gp on

2 At the time when [57] was written, (4.4) was only conjectural for general discrete series representations (see
[28]). Instead Reeder used a general Euler—Poincaré type formula for the formal dimension of a discrete series
representation of a semisimple p-adic group (see [59]), which requires case-by-case considerations and presents
serious computational difficulties. With (4.4) at hand some of these aspects of [57] can be simplified.
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the affine Weyl group of Rp. It is now easy to check that the semisimple quotient
Hp of #F is equal to
HE — Jtp = H(Rp.qp). (4.6)

4.3. Twisting. Let Tp = Hom(Xp, C*) C T be the character torus of Xp. Let 7%
be the connected component of e of the subgroup {t € T | a(t) = 1} C T. We
seethat T = TpT?, that Kp := Tp N T? is a finite abelian group, and that TP is
pointwise fixed by the action of Wp on T'.

Using the cross relations (2.5) we check thatt € T gives rise to an automorphism

bc: HE — P, ¢ (0cNy) = 1(x)0x Ny 4.7
of #F (where w € Wp).

Definition 4.12. Let A p denote the set of equivalence classes of discrete series rep-
resentatiogs of #p. Fors € Ap andr € TP we write 8; = § o ¢, for the twist by ¢,
of the lift § of § to #©. Observe that for k € K p, ¢y descends to an automorphism ¥
of # P.

Let Wpp = {w € Wo | w(P) = P'}. If w € Wp p then w induces an
isomorphism of root data w: R” — R and w: Rp — Rps which is compatible
with the label functions. This defines corresponding isomorphisms

$u: HT - AT Y Hp — Hp (4.8)
of affine Hecke algebras.

Definition 4.13. Let § € Ap. We denote by §¥ = § o yr,;! € Ap: the twist of §
by the isomorphism v,,. We define (5;) (with r € TP, w e 2Wp, pr) similarly.
Observe that (§¥),, = (§;)". We denote by k=60 wk_l € Ap the twist of § by the

automorphism v of #p. Observe that (§K);, = 6, if k € Kp and t € T?.

4.4. The groupoid of standard induction data. First of all, we denote by 2 the
(standard) Weyl groupoid, the groupoid whose set of objects is > and whose space of
arrows from P to P’ is equal to 20 p_p/. This groupoid acts in an obvious way on the
groupoid K whose set of objects is also & and whose space of arrows is described
by Kp pr =0if P # P’,and Kp p = Kp. We denote by ‘W the semidirect product
W = K x 20, 1ie. W is the finite groupoid whose set of objects is # and whose set
of arrows from P to P’ equals Wp pr = Kp/ x Q0p_pr. The composition of arrows
is given by (k x u)(I x v) = ku(l) x uv.

The above twisting action on induction data coming from #p naturally gives rise
to an action of the groupoid W on the set E of induction data of the various subquotient
algebras #p with P € &. Let E be the set of triples (P, §,¢) with P € P, 5 € Ap
and t € T”. We see that E is a finite union of complex algebraic tori of the form
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By =1{(P,8,1) |t e TP}, In particular E is fibered over & in a way compatible
with the twisting action of ‘W.

The groupoid of standard induction data Wgz is the translation groupoid arising
from the action of ‘W on E. Explicitly, if § = (P, 8,1), & = (P/,8',t') € B, then
the set of arrows We ¢ in ‘Wg between these induction data consists of the set of
g=kxwe Kp xWp p such that P' = w(P), s = 8%, and ¢’ = gt. One easily
verifies that this forms an orbifold groupoid in the sense of [50]. We remark that the
action of X on & is free. Thus the quotient Wg — K\ Wz = W\ z is a Morita
equivalence and defines the same orbifold structure on |E| = W\ E.

We denote by Wz, the full subgroupoid whose set of objects &, consists of the
unitary standard induction data, i.e. the induction data of the form (P, §,t) with
t € T}, the compact real form of 77. Hence &, is a finite disjoint union of compact
tori, and ‘Wg, is a compact orbifold groupoid.

4.5. Theinduction-intertwining functor. We choose explicit representatives (Vs, 8)
for the equivalence classes § € A = ]_[pejj Ap. Given &€ = (P,6,t) € E we de-
note by 7 (£) the induced representation Ind% p(8;), realized on the finite dimensional
vector space

i(Vs)=H @yr Vs= P Nuw® Vs (4.9)

weW?

where W’ denotes the set of shortest length representatives in Wy for the left cosets
of Wp = W(Rp). Itis not very difficult to show (see [6] or [56]) that for & € B, the
induced representation r (§) is unitary with respect to the Hermitian inner product on
i(Vs) defined by (with x, y € W¥ and u, v € Vs)

(Ny ® u, Ny ® v) = 8.y {u, ). (4.10)

Theorem 4.14 ([56, Theorem 4.38]). The assignment E, > & — w(&) extends to
a functor ww (the “induction intertwining” functor) from Wz, to PRep(H)unit, the
category of unitary modules of # in which the morphisms are unitary J-intertwiners
modulo scalars. This functor assigns a projectively unitary intertwining isomorphism
(g, &): m(§) — m(&') toeach g € Wegr. Forallh € H, the map & — m(§)(h)
extends to a regular function on &, and for all g € Wg g the map § — m(g,§)
is rational but regular at B,. The functor w is independent of the choices of the

realizations (Vs, 8) of the § € A up to natural isomorphisms.

Remark 4.15. In factthe representations 7 (§) withé € E, are known to be tempered,
see below (see [56, Proposition 4.20]).

The projective representation 7 of Wg, canonically determines a 2-cohomology
class [n] € H 2('Wgu, S1) of the groupoid Wg,, namely the pull back via 7 of the
2-cohomology class of the standard central extension of the category of finite dimen-
sional projective Hilbert spaces by S'. Notice that [5] is obviously a torsion class

since the dimensions of the representations 7 (£§) are bounded by |Wy]|.
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In fact we can be a bit more precise here. Let Wx be the finite groupoid which is
defined like ‘Wz but with the finite set of objects A instead of E, and its morphisms
given by twisting. Then the assignment (P, §) — V; can be upgraded to a projective
representation of ‘Wa by choosing, for each arrow g € 'W i with source §, unitary
intertwining isomorphisms &, : Vs — V¢ such that for all h € Hp::

. T .
82,05(1//5, h) _58(11)052,. (4.11)
One easily checks that such a choice defines a 2-cocycle  with values in S! by
8y 0 (8 =na(g, 8Ny, (4.12)

where g, g’ are composable arrows of Wa. Its class [na] € H 2(WA, S 1) is indepen-
dent of the chosen representatives and intertwining morphisms. Then the details of the
construction of the projective representation 7 actually show that [1] € H> (Ws,, Sh)
is the pull back of [7a] € H*(Wa, S!) via the natural homomorphism of groupoids

Wz, = Wa, (P,8,1) — (P,9). (4.13)
Let D denote the order of [na]. Then we can choose the 2-cocycle na so that it has
its values in p p, the group of complex D-th roots of unity. Then the above amounts
to

Proposition 4.16. Let Wgu denote the central extension of Wg, by uwp determined
by [n). The lifting 7 to 'Wgu of the projective representation w of Wg, splits.

4.6. The Plancherel decomposition of T. We finally have everything in place to
formulate the Plancherel theorem for the spectral decomposition of L2(#) as a (type I)
representation of €. In order to describe the Plancherel density, we introduce relative
c-functions for the spectral series of the form 7 (§) with& € Ep 5, := {(P,d,1) |
seAp,teTl).

Definition 4.17. We adopt the notation (P, «) to denote the restriction of &« € Ro\Rp
to TP < T. Let X denote the character lattice of 7. We write R < X*\{0}
for the set of restrictions (P, «) of roots @ € Ro\Rp which are in addition primitive
in the sense that if 8 € Ryg\Rp and (P, ) € RP such that (P, «) and (P, B) are
proportional, then (P, 8) = c(P,«) with ¢ € Z. We write Rf for the primitive
restrictions corresponding to the positive roots &« € Ro +\Rp +. An element (P, o)
is called simple if (P, ) is indecomposable in Z4 R f. This is equivalent to saying
that (P, «) is the restriction of an element of Fp\P. To each (P,a) € R? we
denote by (P, Hy) C T* the connected component of ¢ of Ker(P, o) C TF. Tt
is a codimension 1 subtorus of 77. The real hyperplanes (P, Hy) N Tl are called
the walls in Trf . The positive chamber Trf "+ is the connected component of the
complement of the walls on which (P, «) > 1 forall (P, «) € Rﬁ.
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Let (P, «) € R”. Then the rational function on 7 defined by

Cpay(t) i= I1 cp (1) (4.14)

BERY,+\Rp:(P,B)EL+(P,ax)

is clearly Wp = W(Rp)-invariant. Hence it can be viewed as a rational function
on Wp\T. We compose this rational function with the algebraic central character
map zp: Irr(#P) — Wp\T and write ¢(p o)(0) for any o € Irr(HP). We define a
rational function c(p o) on E(p sy by putting ¢(p o) (§) := c(p,a)(8;). Observe that its
poles and zeroes are orbits of (P, H,) acting on E(p s).

Definition 4.18. (i) We define the c-function on § € E(p s) by means of the formula

c) = H(p,a)eRf cp.a)(é).

(i) We put 1 (p ) () = (c(p.a)(E)c(p.—a)(E)) ™' = lc(p ) ()| 72 (see Remark 4.8).
(iii) If £ € Ep,s) we put u(§) = ]_[(p,a)eRJrP wepa)E) = (cE)e(wPe)!

(where w? denotes the longest element in W ).

The following main theorem of [56] makes the abstract Plancherel formula (3.3)
almost (up to the constants ds € Ry for § € A) explicit.

Theorem 4.19 ([56, Theorem 4.39, Proposition 4.42, Theorem 4.43]). (i) For all
(P,a) € R f; the functions W p o) are smooth and nonnegative on Ep s).,. Moreover
W is 'W-invariant on &.

(ii) The function A 5 (P,8) — W(®Rp.qp),P1({8}) (given by the product formula
(4.4) applied to H(Rp, qp)) is W-invariant on A.

(iii) Outside a W-invariant subset B, ¢ whose complement in 2, consists of finitely
many components of codimension at least 1, the representations w (§) are irreducible.
This defines a homeomorphism [§] — [m ()] from |Ezeg| = "W\ELeg onto a subset
of ¢ whose complement has measure zero.

(iv) For & inthe compacttorus B(p sy u, let d& denote the normalized Haar measure
on B(ps). The Plancherel measure (ip is the push forward to the quotient |E,| =
W\E, of the absolutely continuous, 'W-invariant measure on E, given by (with
§=(P,8,1) € Eps)u)

dup((©) = qw) W™ 1 rp gD (E)dE (4.15)
where 20 p denotes the set {w € Wy | w(P) C Fy).

S. The structure of the Schwartz algebra §

In joint work with Patrick Delorme [22], [23] we studied the refinement of the Fourier
isomorphism where the L2-functions are replaced by smooth functions. Following
Harish-Chandra and Langlands this step miraculously leads to deep insights in the
structure of ¢ and of Irr(#€). 1t also brings into play methods from noncommutative
geometry.
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5.1. The Schwartz algebra 4. We define a sub-multiplicative function & : W —
R as follows. Let Z = X N X~ C X be the lattice of central translations in W.
Givenv € a* wedenote by v € R® Z the projection of v onto R® Z along RQ O (Ryp).
We choose a Euclidean norm || - || on R ® Z and put for any w € W:

N(w) :=1(w) + [|w(O)]. (5.1
Now we come to the definition of the Schwartz space completion 4 of F.

Definition 5.1. The Schwartz space completion 8 C L?(#) of # is the nuclear
Fréchet space consisting of the elements ), -y cw Ny € L2(#¢) such that w — |cy|
is of rapid decay with respect to the function V.

As an application of the explicit knowledge on ¢ we obtained in the previous
section one can actually prove that

Theorem 5.2 ([56, Theorem 6.5]). The multiplication of # extends continuously to 4,
giving & the structure of a nuclear Fréchet algebra. Moreover, matrix coefficients of
discrete series representations are elements of 8.

5.2. Tempered representations

Definition 5.3. A finite dimensional representation (V, ) of J is called tempered
if it extends continuously to 4. Equivalently, (V, ) is tempered if x, extends con-
tinuously to 4.

The next theorem explains the relation of tempered representations with L>-theory:

Theorem 5.4 ([22, Theorem 3.19)). If & € B, then w(§) is unitary and tempered.
Conversely, let (V, ) be an irreducible tempered J representation. Then there exists
a& € B, such that (V, ) is a direct summand of 7w (§).

Corollary 5.5. Irreducible tempered representations of # are unitarizable. The set 5
of irreducible tempered representations is equal to the support € of the Plancherel
measure.

5.3. The Fourier isomorphism. Let us denote by Vg, the trivial fibre bundle over
E, whose fibre at £ = (P,4,1) € E, is Ve := i(V;) (the representation space of
m(&)), thus

Ve, = | [ Epsu xi(Vs). (5.2)

(P.5)

We denote by End(Vg,) the corresponding bundle of endomorphism algebras. Let
Pol(E,, End('Vz,)) denote the algebra of polynomial sections in End(Vg,), i.e. sec-
tions such that the matrix coefficients are Laurent polynomials on each component

E(p,(g),u of Eu.
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There is a natural action of W on End(Vg, ) by algebra homomorphisms as follows.
Suppose that § € E, and that A € End(Vg). Given g € W & we define g(A) :=
(g, &)oAom(g, é)_l € End(Vg/). Asectionof f of End(Vg) is called W-equivariant
if we have f(g(§)) = g(f(§)) forall § € E, and all g € Wg, with source §.

Observe that for all 4~ € #, the polynomial section & — n(£)(h) on E, is
‘W-equivariant. Let us denote the algebra of ‘W-equivariant polynomial sections by
Pol(Z,, End(Vg))". The Fourier transform on # is the canonical algebra homo-

morphism

Fy: H — Pol(E2,, End(Vg)",
h— {§ = 7))}

The image of Fy is difficult to describe. But it turns out that the situation becomes
very intelligible upon extension to L2(#) or to 8.
Let L2(2,, End(Vz ), d wup1) denote the Hilbert space of L2-sections of End(Vg,)

“u

with respect to the inner product

(5.3)

(0.7) = / trace(o (6)*7 (&) dyupi (7 (&)). (5.4)

Let the Fréchet algebra of smooth sections of End(Vg,) on E, be denoted by
C®(E,, End(Vg)).

~u

Theorem 5.6 ([56, Theorem 4.43], [22, Theorem 5.3]). (i) The Fourier transform Fy
extends to an isometric isomorphism

F: L*(H) — L*(8,, End(Vg,), dup)"”. (5.5)
(i) The Fourier transform F restricts to an isomorphism Fg of Fréchet algebras

Fs: 8 — CP(E,, End(VEM))W. (5.6)

5.4. The center of Z of 8. As a consequence of Theorem 5.6 we see:

Corollary 5.7. The center Z 5 of § is, via the Fourier Transform Fg, isomorphic to the
algebra C*®(E,)Y of W-invariant C®-functions on 8,. In particular the algebra §
is a Z g-algebra of finite type.

This gives, for irreducible tempered representations, a finer notion of central char-
acter which we call the tempered central character.

Definition 5.8. We denote by § the set of irreducible tempered representations,
equipped with its Jacobson topology.

It is easy to see that in our situation $is naturally in bijection with the set Prim(§)
if primitive ideals of §. In view of Corollary 5.5 we have a bijection 4 — €, and it
is not difficult to show that this bijection is in fact a homeomorphism.



1244 Eric M. Opdam

Proposition 5.9. We have a surjective, finite, continuous map
z5: 8 — |E,| = W\E,. (5.7)

We call this map the tempered central character. The irreducible summands of 7 (&)
(¢ € Ey) all have central character [§] = WrE.

5.5. Analytic R-groups. The structure of the fibres of the tempered central character
map z s is completely determined by the geometry of the orbifold Wz, in combination
with the behaviour of the Plancherel density @ and the cohomology class 5. This is
revealed by studying the explicit inversion of the Fourier isomorphism 3 by means
of the wave packet operator $5. Let ¢ be the adjoint of ¥ defined on the space
L%(E,, End(Vg,), dwpr) of non-invariant L2-sections. Then pw = F o ¢ is equal
to taking the ‘W-average, and [22, Theorem 5.3] shows that pw maps the subspace of
L%(Z2,, End(Vg,), dupr) consisting of sections of the form co (with ¢ the c-function
ando € C*°(E,, End(Vg,))) to the space C*°(E,, End(Vg, )Y of smooth invariant
sections.

Definition 5.10. We call the connected components of the poles of ¢(p oy on E(p 5.4
the set of (P, o)-mirrors (since aroot (P, «) is real, this setis empty or of codimension
one in E(p 5),,). We define the set of mirrors on E, to be the union of all (P, «)-
mirrors (with P € # and (P, «) € R”). This set is ‘W-invariant.

Using the above properties of pyw one shows that:

Proposition 5.11. (i) For any (P, o)-mirror M C B(p,s) there exists a mirror re-
flection sy; € Wip.sy.(p.s), L.e. an involution in 'Wp p fixing & such that sy fixes M
pointwise.

(ii) Let & € By, say & = (P, $,t). The set Rs of roots (P, ) € R? such that &
lies in a (P, a)-mirror is a reduced integral root system. We denote by R . the set
of roots in Rg which are element of (P, o) € Ri’.

(iil) For each mirror M € E, and for all § € M, the intertwining operator
w(sy, &) is scalar.

Definition 5.12. Denote by W/" = W(Rg) C We ¢ the normal reflection subgroup
generated by the reflections in the mirrors through &. The analytic R-group Re at &
is the group of v € We ¢ such that v(Rz 1) = Rz 4. Then We z = W' X Re.

The above implies that the restriction ng of the 2-cocycle 1 to ‘W ¢ is cohomolo-
gous to the pull-back of a 2-cocycle (also denoted ng) of Re. We have the following
analog of results of Harish-Chandra ([25], [26]), Knapp—Stein ([36]) and Silberger
[61] on analytic R-groups.

Theorem 5.13 ([22], [23]). The restriction of the induction-intertwining functor
to Re gives rise to an isomorphism End g Ve ~ C[Rg, 1], the ne-twisted group ring
of Re. In particular, the functor E¢ defined by ¥ — Homgm, (¥, Ve) defines
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an equivalence between the category of C[Reg, nl-modules and the category of finite
dimensional unitary tempered F#-modules with tempered central character 'WE.

Corollary 5.14. Let w € Wg. There is a unique decomposition w = xm with
m € Wé" and x(Rg +) = Ryg 4. Hence xiﬁ;x’l = Rye. Consider the isomorphism
of algebras cy,: C[Re, nl — C[Rye, nl defined by n-twisted conjugation with x, i.e.
cw(r) = n(x, nCr, x HnG, x " H xrx~1. Forany C[Re, nl-module p we have
Es(p) = Eye(p™) where p* = p o c;l.

Recall that the action of X on E, is free. We identify the R-groups ¢ (k € K)
via conjugation by k, and write R x¢. We identify via the twisted conjugations cy
(k € X) the rings C[Re, nl (k € K) and write C[Rxe, nx]. We consider the
sheaf G(*R, ) on E,, whose fiber at £ is the complex representation space G(Rg, 1)
of C[fRg, n¢] (the argument that this defines a sheaf is the same as for the usual
representation ring sheaf of the orbifold ‘Wg,, see [7]). By the above there exists a
‘W-sheaf G(2R, n) of complex vector spaces on &, (we identify 2R¢ with the quotient
We e/ 'Wé", so that the action on characters by conjugation with w € W is equal to ¢y,
as in Proposition 5.14):

Definition 5.15. The W-sheaf G({R, n) on E, descends to a sheaf of complex vector
spaces on | &, | denoted by G(PR, 1), and to a sheaf G(Rx, nx) on K\ E,,.

6. Smooth families of tempered representations

We investigate the geometry of the orbifold structure of | E, | in relation to the structure
of the Grothendieck group of (finite dimensional) tempered representations of # in
this subsection. The approach is comparable with [12] (but working with 4 instead
of #). Much of the material in this section and the next is joint work in progress with
Maarten Solleveld.

As was explained by Arthur [3], it is a basic fact that the functor E¢ is compatible
with the geometric structure of Wz, in the following sense. The same arguments apply

~u

in the present situation. Let £ = (P, §,t) and let P C Q. Let 9%? be the subgroup
of elements of 9R¢ which pointwise fix the TMQ-orbit through &. Let 7€ denote
the induction-intertwining functor of the Hecke algebra #¢ = #(R<,¢9) C X,
and let £ SQ be the corresponding equivalence. Let EMQ denote the space of unitary
standard induction data for #<. Then 9%? is the R-group at & € EMQ c g, for
induction to #<.

Proposition 6.1 ([3], [23]). We have the following equality of functors:

ClRe.nl

H 0 _
Ind%Q OE%. = EE o Indc[%g’n] .

(6.1)
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For any © € ¢ the set of fixed points is of the form TMQ§ for some parabolic
subsystem Rp where Q is not necessarily standard, but compatible in the sense that
there exists a w € W such that w(Q) is standard and w(Rg ) = Ry¢ 4 (compare
with [3, Section 2]). In combination with basic aspects of the structure theory of
the (analytic or formal) completion of # at an algebraic central character (see [39]
or [56]) we can draw several conclusions. Let G(8w¢) denote the Grothendieck
group of §-modules with tempered central character W& where & = (P, §, t), and let
GQ(%?wg) = Q ®z G(8we) (viewed as virtual tempered characters of F).

Corollary 6.2. Let x € GQ(&wg) where§ = (P,5,t) € E(p,s).u, and let Q € P be
such that P C Q. The following are equivalent:

(1) x = E¢(p) with p induced from (C[SR?, n].
(ii) x = Ee(p) with p supported on the Re-conjugacy classes meeting ERéQ .
(iii) x is induced from a virtual tempered character of 2.

(iv) x = (x1)|t=1 for a (weakly) smooth family TMQ 3t — Xt € GQ(5W(IS)).

Proof. It is elementary (using the formula for induced characters in twisted group
rings) that (i) < (ii) and (i) <> (iii) follows from (6.1). It is trivial that (iii) = (iv).
The step (iv) = (iii) needs explanation. By the (weak) smoothness of the family
it enough to prove that x; is induced from #€ for generic ¢ € TMQ. For generic
t € TMQ the algebraic central character z(x;) is “Rp-generic” in the sense of [56,
Definition 4.12]. By [56, Corollary 4.15] all characters with an R<-generic central
character are induced from #<. O

Definition 6.3. We say that y € GQ(&W,;) is d-smooth and pure if there exists an
open neighborhood U C E, of &, a d-dimensional smooth submanifold S C U with
& € §, and a weakly smooth family S 3 s — x5 € GQ(Syy) (weakly smooth means
that § > s — x(h) is smooth for all # € F#) such that the tempered central character
of xs equals Ws and x = xe¢. Wesay that x is d-smooth if x is a Q-linear combination
of pure d-smooth characters.

We obtain a descending filtration Févg =C®qlx € GQ(/SWE) | x is i-smooth}

of GC(8 we). Observe that the filtration is stationary at least until the rank iz of the
central lattice Z C X of R.

Definition 6.4. The vector space Ell%n;p of elliptic tempered characters of 8 =
S (R, q) with tempered central character W& (with £ € E,)) is defined as F'(v)vg / F%vg'

We call an irreducible tempered representation (with tempered central character 'W¢)
elliptic if its character has a nonzero image in Elltfvngp.
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Proposition 6.5. The complex vector space Ellf‘i,n;p is zero for all but finitely many

orbits WE € |E,|. There exist orbits W& € |E,| such that Elltfvrgp # Qonly if R is
semisimple.

One can show the following result:

Proposition 6.6. Ler F? (ERSQ , 1) denote the complex vector space of virtual n-twist-

ed characters of %gQ whose support consists of elements t € R whose fixed point
set in Tg , has dimension at least d. In the case Q = Fy this defines a filtration
of Q(%’E (R, n) (the complex span of irreducible n-twisted characters of Re). Put

0 ._ ClRenl 0 _ pOm0 10
IS = Ind(C[EREQ,n] and define E]l(i)‘{é ,n = F (E)‘{E ,mM/F (9‘{5 ,1). We have an

isomorphism of graded vector spaces

P12 : PENRE. n) > gr (G5 R, ) (6.2)
0 0

where Q runs over a complete set of representatives of the 'W-association classes of
compatible parabolic subgroups, and the degree of Ell(%SQ, n) is defined as
the depth of Q. The functor E¢ induces an isomorphism of graded vector spaces
2r(Ge (R, ) = gr(GE(Swe)). If w € We g satisfies w(Q) = Q then twisting by

w acts trivially on Ell(ERSQ , ).

7. K-theory of the Schwartz algebra §

In the last two sections we will discuss results and conjectures for the K -theory and
noncommutative geometry of affine Hecke algebras and we indicate some of the
evidence in support of these conjectures. These conjectures are not new, certainly not
their analogues in the context of reductive algebraic groups. The point is however
that these conjectures give a detailed guideline for representation theory of affine
Hecke algebras with (unequal) continuous positive real parameters. In this sense the
discussion below is a natural extension of the harmonic analysis questions that have
been studied in this paper.
First of all recall the following result.

Proposition 7.1 (Corollary 5.9, [22]). The dense x-subalgebra 8 C € is closed
for holomorphic functional calculus. Hence the inclusion i: 8§ — € induces an

isomorphism K, (48) = K. (©).

7.1. The Chern character for 4. The result in this subsection is due to Maarten
Solleveld. Proposition 7.1 shows that we can study the K-theory of the reduced
C*-algebra € of # in terms of 4. By Theorem 5.6(ii) it follows easily that § is a
Fréchet m-algebra, and for this type of topological algebras Cuntz [20] has shown the
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existence of a unique functorial Chern character map ch: K, — HP, with values
in Connes’ periodic cyclic homology HP, and which is subject to certain natural
compatibility properties. In [64] it is shown for a quite general class of Fréchet
m-algebras that the Chern character becomes a natural isomorphism after tensoring
with C. Theorem 5.6(ii) shows that the Schwartz algebra § of J¢ always falls in the
class of algebras to which Solleveld’s Theorem applies. Thus we have

Theorem 7.2 (Corollary 9, [64]). The abelian group K. (8) is finitely generated, and
upon tensoring by C the Chern character 1d @ ch: KS(J) — HP.(8) becomes an
isomorphism, where we have used the notation KS (8) = C ®z Ki(8).

7.2. Comparison between 8 and #€. The material this subsection is joint work in
progress with Maarten Solleveld.

Conjecture 1 (Conjecture 8.9, [9]). The inclusion homomorphism i: # — 4§ in-
duces an isomorphism HP, (#) — HP. ().

There is quite solid evidence in support of this conjecture. Under certain additional
assumptions we in fact have a proof of the statement (in fact, Solleveld has recently
announced a general proof (private communication)). This proof is based on the
philosophy explained in the important paper [35] and the Langlands classification for
general affine Hecke algebras [23].

7.3. Independence of the parameters. Let us introduce the notation §(q) :=
$(R, q) to stress the dependence on the base ¢ > 1 of the function g defined by
q(s) = q/» while keeping the f; € R fixed. (In the terminology of Remark 2.3, we
vary g in ahalf-line.) Let 8y = 4(1) denote the limiting case, the Schwartz algebra of
functions f: W — Cofrapid decay. Observe that the Fréchet space Sy isisomorphic
to 8(q) as a Fréchet space via the naive linear isomorphism f — ) f(w)Ny,.

Solleveld has shown that there exists a family of isomorphisms (unique up to
homotopy) ¥ : 8(q) — 8(q°) of pre C*-algebras depending continuously on ¢ €
(0, 1] suchthat yr; = ids. Now consider the family of linear isomorphisms ¢, : 8 —
4(q) (with ¢ € (0, 1]) consisting of the composition of the naive linear isomorphism
Sw — 8(q°) with the inverse of .. Solleveld has shown that the family ¢, behaves
as an asymptotic morphism Sy — 4(q) as ¢ | 0 and defines a homomorphism
K.(9): Ki(8w) — K. (8(q)).

Conjecture 2. The map Kg (¢) is an isomorphism.

This conjecture is the natural extension of [8, Conjecture 6.21] in the present
context (after throwing away torsion), and in this sense it is entirely in the spirit of
the Baum—Connes—Kasparov conjecture for p-adic reductive groups. In our situation
(working with general continuous, unequal Hecke algebra parameters) it would be a
very powerful principle for understanding the geometry of the irreducible spectrum
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and the tempered irreducible spectrum of affine Hecke algebras, especially in combi-
nation with certain geometric refinements to be described below (see Conjectures 2b
and 2c¢).

Let us first consider a weaker statement and the evidence in support of it:

Conjecture 2a (weaker version). dim(KX(8(¢))) = dim(KE(8w)).

By Solleveld’s Theorem 7.2 this statement is equivalent to dim(HP.(8(q))) =
dim(HP, (8w)), and thus in cases where Conjecture 1 is known (certainly including the
splitcase fy = 1,Vs € S2t) it is equivalenttodim(HP, (#(q))) = dim(HP,(C[W])).
In the split case this is a theorem of Baum and Nistor [10]. The proof in [10] is
very interesting and is based on Lusztig’s asymptotic morphism in combination with
techniques from [35]. For unequal label Hecke algebras one may connect this with
Lusztig’s conjectures from [43], see [4].

7.4. Equivariant K -theory. The conjecture 2 can be expressed more geometrically
in terms of equivariant K -theory using well known results (see [7], [10], [67]). First of
all 8y = C°°(T,) x Wy, and this gives the identification K, (Sw) = K’;VO(T,,). Recall
that for any finite group G acting on a compact topological space X the equivariant
Chern character defines an isomorphism Id ® chg : C ®z KF;(X) = H[*](G\)A( ,0)
where X = UgeG (g, X¥) is the disjoint union of the fixed point spaces X¢ of the
elements of G, and where H*! denotes the Z/2Z-periodic Cech cohomology groups
(see [7]). The topological space G\X is called the extended quotient of X. It is
the orbit space of the inertia orbifold A(Gx) := G of the translation orbifold
Gx = X % G. In this geometric form the conjecture gives rise to a natural refinement
of the conjecture for Ko (4) which is the main reason for this reformulation.

Definition 7.3. Given £ € W\E, we have a quotient homomorphism 7¢: § —
8/mg 48 where mg denotes the maximal ideal of Zg at & (the ring §/mg4 is finite
dimensional and semisimple by Theorem 5.6). For o € Ko (8) we define Supp(«) =
{Wé € W\E, | Ko(g) (o) # 0} (a closed set in ' W\ &, as one checks easily).

Conjecture 2b (geometric refinement). There exists a natural isomorphism (take
K(*C (¢) composed with the inverse of the equivariant Chern character for the action of
Wo on Ty,):

i HFU(Wo\T,,, ©) = KL (8(9)). (7.1)

The ascending filtration Fi(Kg(S(q))) = {a | dim(Supp(x)) < i} of K‘(O:(%i(q))
coincides via this isomorphism with the filtration of the left hand side whose i-th
filtered piece consist of the sum of the even cohomologies of the components of the
extended quotient Wo\ﬁ, of dimension at most i.

This form of the conjecture guides us to a further reduction to the discrete part
Fy (Kg()S (q))) of the vector space KE)C()S (g)). This is best understood in the context
of a conjecture concerning index theory.
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8. Index functions

The material in this section was shaped in its present form in the course of various
conversations with Mark Reeder and Joseph Bernstein. I am much indebted for their
insightful comments. The ideas in this section have their origin in the theory of
the Selberg trace formula. We want to construct “index functions” using the Euler—
Poincaré principle in K -theory (see e.g. [37], [59], [21]).

We assume throughout in this section that the root datum R is semisimple unless
stated otherwise. Every finite dimensional tempered module 7 gives rise to a Z-
valued “local index” function Ind,; on Ky(4). Namely 7: § — Endc(Vy) is a
continuous algebra homomorphism, and given o« = [p] € Ko(8) (with p € My (38)
an idempotent) we define Ind; («) = rank(w(p)) € Z. This naturally descends to
bilinear pairing| -, -]: Ko(8)xG(8) — Zgivenby [«, [7]] := Ind[;j(«). Moreover,
by the structure theory of 4 (Theorem 5.6), it is clear that if the local index function
[7] — Ind[;)(«) vanishes identically on G(8) then o = 0.

Now suppose that o € Fo(Kg(J)). By definition of the support of o and of
our notion of smooth families this means that Ind[;1(e) = O for all = which are
1-smooth (it must be constant along the family on the one hand, but on the other hand
its support must be finite). Therefore # — Ind[;|(«) factors through a function on
Ell'*™P_and [ -, -] factors through a bilinear pairing [ -, -] on Fo(Kg(5)) x Ell*mp
which is non-degenerate on the left.

Next we consider the change of base ring homomorphism 8: Ko(#) — Ko(8)
defined by [P] — [S ®g P]if P denotes a finitely generated projective #-module.
One would like to complement this base change homomorphism 8 with a base change
homomorphism g: K(Modyg(#)) — K(Mod(4)) but there seems no obvious way
to do this. First of all 4 is not flat over # (this problem already occurs in rank 1)
and it is also not quite clear which category of 4-modules one should consider. The
conjecture we are about to make precisely states that this can anyway be done if one
restricts in some sense to the tempered modules of finite length. To this end we will
first show that the projective dimension of #-modules of finite length is bounded by
the rank 3 (which is a joint result with Mark Reeder). Let (7, V) be an #-module
of finite length. Let C C a* = R ®7z X be the fundamental alcove for the action
of W¢ = Wy x O <« W (the normal subgroup generated by reflections in W). Let
Q C W be the finite abelian subgroup of elements of length 0, then W = W x Q. We
denote by F“ C # the unital subalgebra of # spanned by the elements { Ny, },yewe,
then #¢ = F#“ x 2 (a crossed product).

Given a nonempty facet ¥ # f C C of C we have the corresponding subset
S C ST of affine simple reflections fixing f. Let Hy C H* be the finite type
Hecke subalgebra ¢ = FH(Sy¢, qs,). For any subset I C ST we denote by C! the

30ne can deduce from this the fact that the category of #-modules is of finite cohomological dimension, as
was explained to me by Joseph Bernstein. One should compare this to Bernstein’s result that the category of
smooth representations of a reductive p-adic group has finite cohomological dimension, see [65, Prop. 37].
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complex vector space which has as a basis the set /. Put

n—i
CVy= @B Hewx (Vig) ®c \CY. 8.1)
fdim( f)=i

Since #;y C J is a finite dimensional semisimple subalgebra this is clearly a pro-
jective, finitely generated #-module. We define #f-linear maps di: C; —> Ci_y
by

di(h @3, v® L) 1= @ h @, v® (A Asy ) (8.2)

f'cf
dim(f")=i—1

where s 7 € § aff j5 defined by S = SpU{sy, ). Observe that there is a natural left
Q-action on C; (V) by means of H-intertwining operators via

Jolh @3, v® M) = ho™! @z, ) 7@V @ 0 (). 8.3)

This action commutes with the action of the operators d;. Finally, we define C; (V) =
(C; (V))& and we denote by d; the restriction of d; to C; (V).

Proposition 8.1 (E. Opdam and M. Reeder, unpublished). Let (V, 7) be an #-module
of finite length. The graded FH-linear operator d = {d;} is a differential on Cy(V),
making C«(V) into a bounded complex of finitely generated projective F-modules.
The H-linear map dy : Co(V) — C_1(V) =~ V extends this to a finite projective

resolution 0 <— V & Ci(V)of V.

The proof of this proposition reduces simply to the case # = F“, and there the
proof is a variation of Kato’s proof [33] of a statement about a similar “restriction-
induction” complex for finite type Hecke algebras.

Definition 8.2. By the previous result all #-modules of finite length have finite
projective dimension. Hence there is a well defined Euler—Poincaré homomorphism
e: G(H) — Ko(H). It has an explicit realization e([V]) := ) _,(=1D)'[C; (V)]

Let p: G(8) — G(#) be the homomorphism which corresponds to the forgetful
functor (forgetting temperedness). We have now altogether constructed a homomor-
phism y = Boegop: G(8) — Ko(8). We extend this to an anti-linear map
y: GC(8) — Kg(/S). It is not difficult to show that this map vanishes on modules
induced from a proper parabolic subalgebra (e.g. by using the Koszul resolution for
a regular sequence of parameters for the smooth family of induced representations).
Thus we obtain an anti-linear map

y: EI™ — Fy(K§(8)). (8.4)

Using y the previously defined bilinear pairing [ -, -] on FO(Kg(S)) x El1temp
gives rise to a sesquilinear form (U, V)e := [y(U), V] on EI*™P. This is the
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precise analog of the elliptic pairing of tempered characters as defined by Schneider
and Stuhler [59]: suppose that U and V are finite dimensional tempered modules
of #, then

(U, V)en = [y (U), VI =Y (=1)) dim Ext}, (U, V). (8.5)

i>0

In this context we remark that the natural map EIl'®™P — E1I2!2 (the elliptic virtual
representations of #) is a linear isomorphism [23], by the Langlands parametrization
[23] for affine Hecke algebras.

By the Euler—Poincaré principle applied to our standard resolution we can also
express this explicitly (following [59], [58]) in terms of an “index function” for U.
Let Q2 C €2 be the stabilizer of f in €2, and let &7 be the character of Q7 on CS . We
define the index function fy € # by

fo= =Dy T dim(@) T Ul ey ® e oles € H - (8.6)
S oelr(HyxQr)

where f runs over a complete set of representatives of the Q2-orbits of faces of C, and
where e, € Fy x Qf denotes the central idempotent corresponding to o in the finite
dimensional complex semisimple algebra #f x Q. Then

(U, VYen = xv(fu) (8.7

By (8.5) itis clear that this pairing is Hermitian, and that (virtual) tempered representa-
tions U and V with distinct tempered central characters are orthogonal. Moreover, the
pairing is integral with respect to the lattice generated by the elliptic (true) characters.

Conjecture 3. The pairing (U, V)¢ on Ellt;’vrgp corresponds, via the functor E¢ of
Theorem 5.13, with the elliptic paring on Ell(R¢, 1) given by

@ x)en = R~ Y 1 det(l — D[ () (8.8)

reRe

(see [3] and [58]). In particular, this pairing is positive definite (since the support of
the function det(1 — t) is exactly equal to the set of elliptic conjugacy classes of fg).

This conjecture is the natural analog of results of Arthur in the theory of the local
trace formula [3]. In the split case with X = P it was shown by Mark Reeder [58]
using the Kazhdan—Lusztig parameterization and a comparison between geometric
and analytic R-groups. The formula (8.6) for the index functions f; is due to Mark
Reeder [57], based on work of Schneider and Stuhler [59]. Recently a related and
very general result was obtained by R. Meyer [48] for Schwartz algebra’s of reductive
p-adic groups. In order to explain this, first observe that Theorem 5.6 implies that
a discrete series representation (U, §) of 4 is a projective §-module. Therefore it
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defines a class [U]s € Ko(8). On the other hand we have defined the class y ([U]) €
Ko (4) above. In our context Meyer’s result would mean that [U]s = y([U]), and
in particular that all higher extensions Extf%,(U , V) (i > 0) vanish if V is tempered
(this is remarkable since 4 is not flat over ). Meyer’s Theorem actually implies the
validity of this statement for all affine Hecke algebras which arise in connection with
areductive p-adic group G via the theory of types of equivalence classes of G-inertial
cuspidal data (of course, we conjecture that it holds for general #¢). This proves that
in those cases Conjecture 3 holds for the discrete series representations of #¢, thus
providing strong evidence in support of this conjecture.

Corollary 8.3 (L-index for discrete series representations of #). We have the fol-
lowing explicit Euler—Poincaré formula for the formal dimension of a discrete series
representation (U, 8) of H, expressed in terms of its “K -types”:

pei{8(g)}h) = t(fu(g))

f o elr(Hy xQy)

where f runs over a complete set of representatives of the Q-orbits of faces of C,
and where d, (q) denotes the formal dimension of o in the finite dimensional Hilbert
algebra Hy x Qy whose trace is the restriction of the trace T of # (these are rational

12 —1/2
/’qs/

functions in the parameters ¢ with rational coefficients).

Please compare this statement with the product formula (4.4) for the formal di-
mensions. Observe that the rationality of the constant ds in (4.4) is an immediate
consequence. The Euler—Poincaré formula for fy (as obtained by Schneider and
Stuhler [59]) was used by Reeder [57] for the computation of all formal dimensions
of the square integrable unipotent representations of Chevalley groups of exceptional
type. The main computational work in [57] consists in the reduction of the Euler—
Poincaré alternating sum to the product formula.

A second consequence of Conjecture 3 is:

Corollary 8.4. The map y : EII*™ — F, (Kg(J )) is an anti-linear isomorphism.

Let us write EII*™P(g) in order to stress the dependence on g. Observe that
Ell**™P(4) is a semisimple Z-module via the algebraic central character z map. The
combination of Corollary 8.4 with Conjecture 2b implies that the dimension of the
finite dimensional space (see Proposition 6.5) ElI*™P(g) is independent of ¢ € Q.
We conjecture a stronger statement:

Conjecture 2c. The @-family of finite dimensional semisimple Z-modules g —
Ell*™P(g) is continuous (i.e. isomorphic to a direct sum of one-dimensional Z-
modules, each depending continuously on g).

Let us denote by j: |E,| — Wp\T, the map that sends ‘W& (with & = (P, §, 1))
to Wo(|r|*1rt) where zp(8) = Wpr is the central character of §. Let ¢ = 1 and let
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t € T, = E,(1). Then R, is the isotropy group Wy ; of t in Wy. Using Proposition 6.6,
Conjecture 2c implies an isomorphism of sheaves

J«(G(R, m) =~ G(Wo) (8.10)

on Wy\T,, where the sheaf on the right hand side is the usual complex representation
ring sheaf for the action of Wy on 7.

8.1. Discussion and examples. We discuss the implications of Conjecture 2¢ for the
problem of understanding the tempered spectrum of non-simply laced affine Hecke
algebras. The results in this section are joint with Maarten Solleveld. In these cases,
Proposition 4.7, Theorem 4.9 and Conjecture 2c suggest to use deformations to generic
points ¢ € @ in order to approach this problem.

Let us consider the three parameter case R = (Z", B,, Z", Cy, Fo) with Fy =
{e1 —en, ..., en—1 — ey, ey} (thus Q(By,) = Z"; we refer to this case as “type Cf;ff”)
with parameters go = q(s0), g1 = q(S¢;), 42 = q(S¢;—e;,,)- The case n = 1 will be
considered as a special case (but with two parameters ¢qq, ¢g1); the discussion below
applies to this degenerate case without modifications). The set of distinct Wy-orbits
of generic residual points is easily seen to be parametrized (using [56, Appendix A])
by ordered pairs (i, v) of partitions of total weight n. The orbit of the unitary part
of (u, v) only depends on i := |u| € {0, 1, ..., n}. Let Wys; denote this orbit. The
orbits Wys; € Wp\T, are mutually distinct, and the stabilizer group of s; is isomorphic
to the Weyl group of type B; x B, _;.

We see that for each i the cardinality of the set of orbits of generic residual points
whose corresponding orbit of unitary parts equals Wys; is precisely equal to the
number of elliptic conjugacy classes of the stabilizer group W (B;) x W(B,—;) of s;,
which is the R-group Ry, for 8y = 8(1). By Theorem 4.9 each orbit Wyr of residual
points carries at least one discrete series representation of #. We call ¢ € @ generic
if ¢ € N@, (intersection over all r € Res) and if for all r, ¥’ € Res : Wyr(g) =
Wor'(g) = Wor = Wyr’. By Conjecture 2¢ and the above description of the set
of orbits of generic residual points we conclude that for a generic parameter g each
residual orbit Wyr(gq) must carry precisely one discrete series representation. So for
generic g € @ the discrete series characters are separated by their algebraic central
character. Moreover, the complex linear span of these discrete series characters is
isomorphic to the space ElI*™P(g).

By the continuity aspect of Conjecture 2c we are now in principle able to under-
stand the spaces EII'*™P(q() for an arbitrary parameter qp € @ by deformation to the
generic case. The central support of the discrete series representations of #(qo) is
given by Theorem 4.9. For a given orbit of residual points Wor for #(qo) the set of
discrete series representations which it carries is, in view of the above, parametrized
by the set of orbits of generic residual points Wyr(q) such that Wyr(gg) = Wor. This
determines the set A fg,(qgo), with complete information about the action of Z. We
can repeat this for any standard parabolic subset P, since the associated affine Hecke
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algebra F€p is a tensor product of at most one factor of type C,‘jff (withm < n) (which
we can handle as above) and factors of type A -1 (with lattice X; = P(A P ), the
corresponding weight lattice) such that ) ° A; = n —m. The group K p is a product of
cyclic groups Cy; of order ;. We also get complete information on the action of W
on A :'W is generated by permutations of the type A-factors, by twisting with —w if w
is the longest element in the Weyl group of one of the type A-factors, and by twisting
of one of the type A factors Ax_1 by the corresponding cyclic group Cy. Observe that
the action of ‘W only affects the type A-factors of #p.

From this information we can reconstruct Wg, , and we can verify directly that
the cocycle na (and thus n itself) is in fact always trivial. Using Theorem 4.19 we
can in principle compute the R-groups (this was actually carried out by Klaas Slooten
[63] in the case of real central characters for all go € @). By Theorem 5.13 this gives
essentially complete information about the structure of the tempered dual 5.

If ¢ € NQ, (intersection over all » € Res) it is not hard to show that the R-groups
are all trivial. This implies that 4(g), in view of Theorem 5.13 and Theorem 5.11, is
Morita equivalent to the algebra of ‘W-invariant C°°-functions on E,(q). We see that
the components of |2, (¢)| are parametrized by the set of ordered triples of partitions
(A, p, v) of total weight n. If A = (11,2™2 .. k") then the component corre-
sponding to (A, 4, v) is the product of the quotients Wo(Bm[)\(Sl)m" i=1,...,k),
and thus homeomorphic to [0, 1], Hence Ki(8(g)) = 0, and Ky(4(gq)) is the free
abelian group generated by the above set of components.

Let us compare this result with the other extreme case g = 1. Now 4(1) = Sy =~
C*>(T,) x Wy and thus K, (4(1)) ~ K*‘jVO(Tu). Application of the equivariant Chern
character [7] to this last group yields an isomorphism (after killing torsion) with the
periodized cohomology of the extended quotient Wo\f"; of T,, with respect to the
action of Wy = W(B,). The extended quotient Wo\ﬁ, can be computed directly
in this case. It turns out that this space is actually homeomorphic to the orbit space
|2, (q)| which we have just computed in the case where ¢ € N@,. This is in complete
accordance with Conjecture 2b (but of course, we already used the “discrete part” of
this conjecture in order to conclude that each generic residual orbit carries precisely
one discrete series representation).

Conjecture 2c gives in this example complete information on the classification
problem of the irreducible tempered representations, but not on the internal structure
of these representations. In the case of type Cf}ff Klaas Slooten [62] defined (for real
central character) a “generalized Springer correspondence” in terms of certain symbols
(in the sense of Malle [45]) and conjectured that the restriction of these tempered
representations to (W) is precisely given by the generalized Green functions [40],
[60] attached to these symbols. These conjectures were verified for n = 3, 4.
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