The initial value problem for nonlinear Schrödinger
equations
Luis Vega∗

Abstract. I will review some recent work done in collaboration with C. E. Kenig, G. Ponce and
C. Rolvung on a general method to solve locally in time the initial value problem for non-linear
Schrödinger equations under some natural hypotheses of decay and regularity of the coefficients.
Also some non-trapping conditions of the solutions of the hamiltonian flow associated to the initial
data is needed. We will not assume ellipticity on the matrix of the leading order coefficients
but just a non-degeneracy condition. The method is based on energy estimates which can be
performed thanks to the construction of an integrating factor. This construction is of independent
interest and relies on the analysis of some new pseudo-differential operators.
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1. Introduction
In this lecture I shall describe some joint work with C. E. Kenig and G. Ponce on
general non-linear Schrödinger equations built on spatial operators which are given
by just non-degenerate quadratic forms. It has been and still is a great pleasure and a
privilege to work with both of them.
This research was started some time ago in [14], and we could say it has come to
a natural end with [16], [22] and [23], these two latter works written in collaboration
with C. Rolvung. In the process we have used some fundamental work done by other
authors, in particular those by Hayashi and Ozawa [10], Doi [6], [7], [8], and Craig,
Kappeler and Strauss [4]. A look at the introduction of the papers [16], [22], and
[23] is enough to realize that the precise results are rather technical and lengthy to
write. Therefore, this lecture will be mainly expository, and I refer to the reader to
the papers mentioned above and to the review given in [21] for the precise statement
of the theorems.
We are interested in solving the initial value problem

∂t u = i L̃u + F (u, ∇u, u, ∇u),
(1)
u(x, 0) = u0 (x),
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where
• u(x, t) ∈ C, x = (x1 , x2 ) ∈ Rn1 × R n2 = Rn , n = n1 + n2 , and t ∈ [0, T ];
• L̃u(x) = ∂j (ãj k (x, t, u, ∇u, u, ∇u)∂k u), and Ã(u) = (ãj k )j k is a real, symmetric, invertible matrix such that


In1
0
lim Ã =
;
(2)
0 −In2
|x|→∞
• F is a regular non-linear function, as is a polynomial with no linear terms.
By solving this equation I mean to find a large enough space X of initial data, and
a unique solution u for each u0 ∈ X up to a time T = T (u0 ) such that u is unique in
some space Y, and the map u0 → u from X to Y is continuous. Typically
X = Xα0 β0 = {u0 such that x α ∂ β u0 ∈ L2 ; |α| ≤ α0 , |β| ≤ β0 },
Y = Yα1 β1 = {C([0, T ] : Xα1 β1 )}
for some finite (αj , βj ), j = 0, 1, and with possibly 0 < α1 < α0 , 0 < β1 < β0 .
There are several reasons which motivate the study of such a general initial value
problem. First of all, within this general model there are relevant equations which
appear in the physics literature, as Davey–Stewartson and Zakharov–Schulman systems, Landau–Lipschitz equations, the Schrödinger map and others; see [32]. These
physical models usually have a very rich algebraic structure which in many cases
allows for some short cuts in their analysis; in particular regarding existence results.
However, uniqueness generally involves considering the PDE solved by the difference
of two solutions which need not have the same algebraic structure as the starting one,
but that still is under the general setting given in (1). I will be more precise about this
point in Section 3, where the particular case of the Schrödinger map is analyzed.
Another motivation is to get a better understanding of ultrahyperbolic operators
including the constant coefficient case
L0 = x1 − x2 .
Notice that neither the heat nor the wave flow can be defined for L0 , while the
Schrödinger flow
(3)
eitL0
makes perfect sense. Our knowledge about this operator is far behind the classical
one eit . In Section 9, I gather some information and open questions about linear
and non-linear perturbations of the free propagator (3).
The rest of the paper is devoted to explain the assumptions needed to solve (1),
and to exhibit the algebraic tools we use to construct the solution. The main result
is given in Section 7, and some remarks about the elliptic setting can be found in
Section 8.
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2. Energy estimates
In order to solve equation (1) we use the so-called energy method. This is based on
three steps. The first one is to add some artificial viscosity to the right-hand side of (1)
depending on ε > 0, and to consider for some Tε > 0 the equation

∂t uε = −ε2x + i L̃u + F, t ∈ [0, Tε ),
(4)
t = 0.
uε = u0 ,
The existence of a solution uε of (4) can be easily proved by Picard iteration, using
2
the regularity properties of the free propagator e−εt .
The second step relies on proving energy estimates for uε independent of ε. These
estimates will give a universal time of existence valid for all uε , and also will allow
us to pass to the limit in ε to obtain a solution of (1).
The final step is to prove uniqueness by looking at the equation satisfied by the
difference uεε = uε − uε . It is at this point where to work in a general setting as (1)
turns out to be fundamental because the equation for uεε is again of the same type.
In the rest of the paper I will mainly focus on the question of the energy estimates,
exhibiting the algebraic tools needed to obtain them.
Recall that we have already built the solution uε of (4) with L̃ as in (1). Hence
we can now understand (4) as a linear equation

−

→
−
→
∂t u = Lε u + i b1 · ∇u + b2 · ∇u + c1 u + c2 u + f,
(5)
u(x, 0) = u0 (x),
with





Lε u = ∂t aj (x, t)∂k u − ε2 u; A = aj k (x, t) j k = ãj k (x, t, u, ∇u, u, ∇u)∂k u j k .

Therefore it seems appropriate to assume the following hypotheses regarding A and
−
→ −
→
the coefficients b1 , b2 and c1 , c2 :
H1. A is a regular real symmetric non-degenerate matrix, i.e. there exists γ0 ∈ (0, 1)
such that
γ0 |ξ | ≤ |Aξ | ≤ γ0−1 |ξ |.
H2. The coefficients ∂x aj k , ∂tx aj k , ∂t aj k have a pointwise decay for a sufficiently
large |x|,
sup |∂xα aj k (x, t)| + |∂t ∂xα aj k (x, t)| ≤

|t|≤T

with N, |α| and |α | large enough, and so that


I
0
A − n1
0 −In2
has a similar decay for a large |x|.

C
,
(1 + |x|)N
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−
→
−
→
H3. b1 and b2 are smooth complex vector fields that decay pointwise together with
their derivatives at infinity.
H4. c1 and c2 are smooth complex scalar fields bounded together with their derivatives at infinity.
→
−
→ −
Let us start assuming that in (5) the external forces f and the potentials b1 , b2
and c1 , c2 are zero. Then because A is real and symmetric we trivially have
d
u, u = Lε u, u + u, Lε u
dt
= − iA∂x u, ∂x u − ∂x u, iA∂x u − 2ε u, u
= −2ε u, u ≤ 0.
Therefore


sup u, u + 2ε
0≤t≤T

T

u, u dt ≤ u(0), u(0) .

(6)

(7)

0

If in the above calculation we add zero order terms c1 and c2 we will obtain after
integration in time
u, u (t) ≤ eMt u, u (0),
(8)
with M = sup (|c1 | + |c2 |). As a conclusion from the point of view of energy estimates zero order terms are harmless.
Let us know consider that first order terms are not trivial. It is straightforward
−
→
−
→
that if Re b1 is zero and b2 just bounded, an integration by parts as the one given
in (6) leads to the same estimate. However, the situation is completely different if
−
→
Re b1 = 0. This can be easily seen even in one dimension.
Consider the model problem
∂t u = i(∂x2 u + b1 ∂x u) − ε∂x4 u,

x ∈ R.

(9)

Take for simplicity b1 = 1. Using û the Fourier transform of u and Parseval’s identity
the calculation given in (6) becomes
d
u, u = (i∂x2 − ε∂4x + i∂x )u, u + u, i∂x2 − ε∂x4 + i∂x
dt
= −ε ξ 4 û, û − ξ û, û .

(10)

Therefore if supp û ⊂ (−∞, 0) we can not obtain a uniform bound in ε for u, u .
This is usually called the loss of derivatives obstruction, because regardless of ε there
is in (10) one derivative more on the right-hand side than on the left-hand side. The
final conclusion is that we should get rid, if possible, of Re b1 .
Nevertheless there is a simple way of removing the first order term
 in (9)
 creating
1 ∞
other ones of order zero, which is to use the integrating factor exp 2 x b1 . For this
purpose define
∞
v(x, t) = Ku = e1/2 x b1 (y,t)dy u(x, t).
(11)
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The equation for v becomes
∂t v = i∂x2 v − εK∂x4 u + c(x, t)v,
with
c(x, t) =

b2
i
i
∂x b1 + i 1 +
2
4
2



(12)

∞
x

∂t b1 (y, t)dy.

(13)

Notice that K given in (11) is invertible so that
εK∂x4 u = K∂x4 K −1 v = ε∂x4 v + ε (lower order).
This lower order terms are harmless because they are of order ε and can be easily
absorbed using (7) and taking T small enough. Looking carefully at the calculation
above we see that the only assumption we need on b1 is that
 ∞
 ∞
sup Re
b1 (y, t) + Re
∂t b1 (y, t)dt ≤ M.
(14)
x, 0≤t≤T

x

x

Notice also that because the operator K is given by multiplication by the integrating factor we have
Ku = Ku.

(15)

Therefore the symmetry of the good terms Im b1 and b2 is not destroyed and can be
added to (9) so that the computation given above works the same without any extra
difficulty.
Finally let us recall that the condition given in (14) is very reminiscent of the one
obtained by Mizohata in [27] (see also [11]), and suggests that H3 and H4 are natural
assumptions.

3. The Schrödinger map
The above analysis rises the natural question of whether or not the integrating factor
can be constructed also in higher dimensions. It is at this stage where considering a
specific equation and not the general case given in (1) can make a big difference. An
illustrative example is the so-called Schrödinger map given by

−
→
→
→
→
→
ut = −
u ∧ −
u, −
u =−
u (x, t), x ∈ Rd , t ∈ R, d = 1, 2,
(16)
→
|−
u |2 = 1.
This equation written in coordinates (for example using the stereographic projection) involves non-linearities in the first order terms. Let us try to understand first the

308

Luis Vega

→
one dimensional case d = 1. Then −
u is nothing but the tangent vector to a three
−
→
−
→
→
dimensional curve γ (x, t) (i.e. u = −
γ x ) which satisfies

→
→
−
→
γx ∧ −
γ xx , x ∈ R, t ∈ R,
γt =−
(17)
−
→
2
| γ x | = 1.
This equation, which is sometimes called the Localized Induction Approximation,
was obtained for the first time by Da Rios in 1906, see [5], as a crude approximation
of the evolution of a vortex filament within Euler equations. From a geometrical point
of view is better to call it the binormal flow because using Frenet equations (17) can
be written as
−
→
−
→
γ t = cb ,
−
→
where c denotes the curvature and b the binormal vector.
In 1972 Hasimoto [9] proposed the transformation
ψ(x, t) = c(x, t)ei

x
0

τ (y,t) dy

,

(18)

with τ denoting the torsion, to simplify (17) and therefore (16). After some compu→
tations he proves that if −
γ satisfies (17) then ψ solves
i
(19)
ψt = iψxx + (|ψ|2 ψ + a(t)),
2
for some real function a(t). Therefore we could understand Hasimoto’s transformation (18) as some kind of integrating factor which removes the non-linear first order
terms appearing when (16) is written in local coordinates, to the expense of cubic zero
order terms which are much easier to handle.
The situation for the Schrödinger map in dimension 2 is much more delicate.
Hasimoto’s transformation can still be used but it is not possible to remove completely
the first order terms; see [1]. The equation obtained after the transformation has a good
symmetry from the point of view of energy estimates which allows to prove existence
even for H 1 -solutions. However, much of this symmetry is lost when considering
difference of solutions.
Therefore, we are back to the question we started this section with. In the one
dimensional case it is possible to construct the integrating factor which greatly simplifies the equations, but a similar transformation even in the two dimensional case is
far from clear.

4. The integrating factor
Let us go back to our linear equation (5) and to simplify assume in this section that
ε = 0. Accordingly we shall write Lε = L. We are looking for an operator K such
that
−
→
(20)
(LK − KL) = K b1 · ∇ + zero order.
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It turns out that this equation, except in very simple cases, does not have a solution
when just the algebra of classical differential operators is considered, as it happens in
the one dimensional case, where K was constructed using the elemental operations
of multiplication and integration. Therefore we need to consider K to be a pseudodifferential operator K = K(x, t, D) given by:
 
1
Ku =
k(x, t, ξ )ei(x−y)ξ udξ dy.
(21)
(2π)n y ξ
If in the expression above we take
k(x, t, ξ ) = aα (x, t)(iξ )α ,

(22)

then K = aα (x, t)∂xα . Notice that in this case if aα is regular and bounded together
with its derivatives we get
|∂xβ1 ∂ξ 2 k(x, t, ξ )| ≤ Cβ1 β2 (1 + |ξ |)|α|−|β2 | .
β

(23)

Assume for a moment that L is the constant coefficient operator L0 . That is to
say


A=

In1
0


0
.
−In2

Solving formally in (20) we get that k should be given by

  ∞
1
−
→
b1 (x + s ξ̃, t) · ξ ds,
k(x, t, ξ ) = exp
2 0

(24)

with ξ̃ = Aξ = (ξ1 , −ξ2 ).
Notice that in (24) s → x + s ξ̃ is a geodesic associated to the pseudo-metric (or
metric if A = In ) given by A. In the variable coefficient case A = (aj k )j k we have to
define
  ∞

1
−
→
k(x, t, ξ ) = exp
(25)
b1 (X(s; x, ξ )) · (s; x, ξ )ds
2 0
with (X(s; x, ξ ), (s; x, ξ )) solutions of the hamiltonian flow HA given by
⎧
n

⎪
d
⎪
⎪
X
(s;
x
,
ξ
)
=
−2
aj k (X(s; x0 , ξ0 ) k (s; x0 , ξ0 ))
⎪
j
0
0
⎪
⎪
ds
⎪
⎨
k=1
n

d
⎪
x
=
,
ξ
∂j akl (X(s; x0 , ξ0 )) k (s; x0 , ξ0 ) l (s; x0 , ξ0 )
(s;
)
j
0
0
⎪ ds
⎪
⎪
⎪
k,l=1
⎪
⎪
⎩
(X(0; x0 , ξ0 ), (0, x0 , ξ0 )) = (x0 , ξ0 ).

(26)

Notice that above we have dropped the dependence on time to simplify the exposition.
In fact, in our main result which is given in Section 7, we will impose some hypothesis
on HA where A is determined just by the initial condition u0 .
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It follows from (26) that
d
A (s; x, ξ ),
ds

= 0,

and therefore in the elliptic case (i.e. Aξ, ξ > C|ξ |2 with C > 0) we get that there
is a constant γ0 > 0 such that
γ0 |ξ0 |2 ≤ | |2 ≤ γ0−1 |ξ0 |2 ,
and (X(s; x, ξ ), (s; x, ξ )) are globally defined. However, the situation in the nonelliptic case is different and the following properties have to be proved, see [22]:
a) global existence;
b) continuous dependence w.r.t. (x0 , ξ0 ) with just a polynomial growth on |x0 |;
c) the trajectories are asymptotically free.
In order to obtain these three conditions we will need A(x, t) to verify the hypotheses H1, H2, H3 and H4 given in Section 2 together with the following non-trapping
condition.
H5. The solutions (X, ) of the hamiltonian flow HA associated to A verifies that
given M and (x, ξ ) ∈ Rn × (Rn − {0}) there is s0 such that
|X(s; x, ζ )| > M

for all s > s0 .

It is easy to justify that H5 is necessary because otherwise the integral given in (24)
−
→
will not convergence even for compactly supported b1 .
This non-trapping condition is not easy to verify, although it is obviously true
in the constant coefficient case. Nevertheless it is a stable condition. In [22] the
following lemma is proved.
Lemma 4.1. Consider A(x, t) = A(x) such that the hypotheses H1, H2 and H5 hold.
Let B(x) be an n × n real matrix with entries in the Schwartz class S(Rn ), and define
Aδ (x) = A(x) + δB(x) with δ so small that there is a constant γ0 > 0 such that for
all ξ ∈ Rn
γ0
|ξ | ≤ |Aδ ξ | ≤ 2γ0−1 |ξ |.
2
Then there is δ0 > 0 such that Aδ is non-trapping for all 0 < δ < δ0 .
Remark. In the statement of the lemma above it is sufficient to assume that the entries
of B have a finite number of derivatives with a finite power like decay.
So in the particular case of IVP (1) it will be sufficient to impose the non-trapping
condition H5 to
Au0 (x) = A(x, 0, u0 , u0 , ∇u0 , ∇u0 ).
(27)
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5. The symbols
Once the hamiltonian flow is built we can construct the “integrating factor” given by
the symbol (25). Nevertheless a new problem appears. This symbol is not in any
known class of pseudo differential operators even if A = In and X(x, ξ ) = x + sξ ,
= ξ . A model example of a symbol which behaves as the one in (24) and it is easier
to handle is, in dimension two,
k(x, ξ ) = ψ(x · (Aω)⊥ )χ(|ξ |),

ω=

ξ
,
|ξ |

ξ = (ξ1 , ξ2 ),

ξ ⊥ = (−ξ2 , ξ1 ) (28)

with ψ ∈ S(R) and χ regular, χ(0) = 0 and χ(t) = 1 if t > 1. We observe that


1 + |x| |α|
α
,
(29)
|∂ξ k| ≤
1 + |ξ |
being the growth in |x| a problem to handle k(x, ξ ) (compare this situation with the
one exhibited in (23)). In [22] we prove the following result.
−
→
−
→
Proposition 5.1. Take b1 in the vector valued Schwartz class S ∈ (Rn ) and

  ∞
1
−
→
b1 (x + s ξ̃ ) · ξ ds χ(|ξ |),
k(x, ξ ) = exp
2 0


(30)
In1
0
ξ̃ = Aξ, A =
,
0 −In2
with χ(|ξ |) as in (28). Then K(x, D) given in (21) is bounded from L2 into L2 .
This proposition and a more general result was proved if A = In (i.e. n2 = 0) by
Craig, Kappeler and Strauss [4]. A key part of their argument is the good behaviour
of the radial derivatives of the symbol k given in (30). It is easy to check that

α
ξ
Cα
.
(31)
· ∇ξ k(x, ξ ) ≤
(1 + |ξ |)α
|ξ |
This property is still true for general non-degenerate matrices A but it is not
sufficient to prove Proposition 5.1. In fact in [4] another geometric assumption on the
“essential” support of the symbol k is needed besides (31). This property does not
hold when A is not the identity matrix, see [19] for a detailed discussion of this issue.
The L2 estimate given above is not enough. Other results regarding the composition and the computation of the adjoints of these operators have to be proved in
order to do the algebraic manipulations we exhibited in the one dimensional case.
The results can be seen in [22].
Now it is time to recall that to simplify the exposition we assumed that ε = 0.
To avoid this restriction some other properties about the symbols introduced in the
above proposition are needed. These were proved in [23]. However the results in [22]

312

Luis Vega

and [23], although sufficient for our purposes, are quite restrictive and the algebraic
manipulations we can do with these operators are very rigid.
There is also another important constraint, which is that we are able to handle just
symbols as (24) but not the general cases given in (25). The reader could then ask how
we overcome this difficulty. The answer is in our previous work done on the I.V.P. (1)
in [14] and [15]. That paper deals with non-linearities which are small perturbations
of the constant coefficient case. Smallness allows hiding the first order terms thanks
to some smoothing properties of the solutions of the corresponding free propagator.
These properties are the subject of the next section.

6. The local smoothing
In [14] and [15] we proved that if the first order terms in (1) are small they can be
handled by the so called local smoothing property of the free operators eit (x1 −x2 ) .
Notice that this family of operators is reversible in time and leave invariant the Hilbert
space L2 . Moreover they commute with differentiation, and therefore the classical
L2 -Sobolev spaces H s of distributions with s derivatives in L2 also remain invariant
under the flow. For this reason there can not be any gain of global derivatives in L2 ,
because otherwise making the flow go backwards we would get a contradiction. It
was proved by Kato in [12] and independently by Kruzhkov and Faminskii in [24]
that the solutions of the Korteweg–de Vries (KdV) equation

ut + uxxx + uux = 0, u = u(x, t), x ∈ R, t ∈ R,
u(x, 0) = 0
gain for almost every time and locally in space one derivative in x with respect to
the initial condition u0 . This “local smoothing” is a consequence of the dispersive
character of the linear part of the KdV equation, and still holds if the non-linear term
uux is removed.
It is well known that the free Schrödinger equation is also dispersive, and therefore
it should have an analogous smoothing property. In that case the solution gains 1/2derivative locally in x and again for a.e. time with respect to the initial data. This
property was established independently in [3], [31], and [35], [36], (see also [37]), in
the elliptic setting, and in [13] for the general case.
However, this 1/2 gain is not sufficient to deal with first order terms which involve
a full derivative. In [14] and [15] it is proved that the solution of

i∂t u + x1 u − x2 u = F
u(x, 0) = 0
gains one full derivative with respect to the right-hand side F . The proof in [14]
strongly uses the Fourier transform and is not adapted to the variable coefficient
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situation necessary to treat (1). This was proved later on by S. Doi in [6], [7] and [8].
The results by Doi are remarkably robust, and for example, although he proves it for
the elliptic case and for scalar equations, it can be extended without any difficulty
to the non-elliptic setting and for systems; see [17], [22] and [23]. The idea is to
construct a classical pseudo-differential operator b(x, D) such that the commutator
with the general L = ∂j (aj k ∂k ) satisfies
 T
i [b(x, D)L − L b(x, D)] u, u dt
0
(32)

 
c0 T (1 − )1/2 u
2
≥
, u dt − T sup u, u ,
2 0
1 + |x|2
c0 0<t<T
for some universal constant c0 > 0. Here I am purposely using “universal” without
giving a precise definition. The full argument given in [23] depends on this constant
in a crucial way, and I refer to the reader to the introduction of that paper for a more
precise statement. It is also important to notice that the above inequality is useful as
long as there is a control on the L2 norm given by the term u, u .

7. The main result
Our main result in [23] is the following.
Theorem 7.1. Under the hypotheses H1–H4 there exists N = N(n) ∈ Z+ such that
given any
u0 ∈ H s (Rn ) with x N ∂xα u0 ∈ L2 (Rn ), |α| ≤ s1 ,
(33)
s, s1 ∈ Z+ sufficiently large, and s > s1 + 4, for which the hamiltonian flow HA given
in (26) associated to the quadratic form
A = Au0 (x, ξ ) =

n


aj k (x, 0, u0 , u0 , ∇u0 , ∇u0 )ξj ξk

(34)

j.k=1

is non-trapping, there exist T0 > 0, depending on
 
x
λ = u0 s,2 +
|α1 |≤s1



N α 
∂x u0 2

the constants in H1–H4 and on the non-trapping condition H5, and a unique solution
u = u(x, t) of the equation (1) with initial data u(x, 0) = u0 (x) on the time interval
[0, T0 ] satisfying






u ∈ C [0, T0 ] : H s−1 ∩ L∞ [0, T0 ] : H s ∩ C 1 (0, T0 ) : H s−3 ,
(35)


x N ∂xα u ∈ C [0, T0 ] : L2 , |α| ≤ s1 .
Moreover, if u0 ∈ H s (Rn ) with s > s then (35) holds with s instead of s in the same
interval [0, T0 ].
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We have seen in Section 2 that we can obtain energy estimates as (7) if we are able
to get rid of the first order terms, and that we can achieve that using an integrating
factor. But also we pointed out at the end of Section 5 that the integrating factor we
were able to construct was just for a hamiltonian flow which is free outside of a ball.
However as we see in the statement of Theorem 7.1, this is not the case when HA is
given as in (35). The way to bypass this obstruction is to write



In1
0
A = AR +
− AR
0 −In2


with
AR =

In1
0

0
−In2



if |x| ≥ R and R > 0 is a large parameter to be fixed. The error terms created by this
decomposition are of first order and can be done small by taking a large enough R.
Then the local smoothing inequality (32) can be used as in [14] to control them. This
creates the problem of how to handle
sup u, u .
0<t<T

But this quantity is precisely the one we started with when doing the energy estimate (7). Notice that in (32) appears multiplied by the factor T , and therefore it can
be absorbed by the left-hand side of (7) by taking a small enough T , which closes the
argument.

8. The elliptic case
In this section we give some comments that illustrate the substantial differences that
appear when in (1) A is the identity matrix. To start with the main result in this case
is far more general, and I refer to the reader to the work [17] for a precise statement;
see also [29], [28], and [26].
The key difference is the existence of a fundamental argument due to Chihara,
see [2], which goes as follows. He first writes (1) as a system in (u, u). The problem
of doing this is that Doi’s trick, explained in Section 6, can not be carried out because
the pseudo-differential operator b(x, D) needed to prove the estimate (32) does not
have the algebraic property (15). Therefore the good structure that the terms
−
→
b2 · ∇u
have for the integration by parts we exhibited in Section 2 is lost after applying the
operator b(x, D). Notice these bad terms are off the diagonal. The observation of
Chihara is that the corresponding matrix can be easily diagonalized to the expense of
zero order terms that as usual are harmless.
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In order to explain how this diagonalization is done let us consider the model
problem
⎧
→
⎨∂t u = iu + −
b2 · ∇u.
(36)
⎩u(x, 0) = u (x),
0
−
→
with b2 ∈ Cn a constant vector.
As a system this equation is written as

−
→  
 
i
b2 · ∇
u
u
→
.
= −
u t
u
b2 · ∇ −i
The eigenvalues of the above matrix are

→  1/2
−
→  −
±i 2 − b2 · ∇ b2 · ∇
.
Therefore we are lead to consider the system

 
−
→  1/2
 
→  −
v
v
2 − b2 · ∇ b2 · ∇
0
=i

−
→  1/2 v .
→ −
v t
2
0
−  − b2 · ∇ b2 · ∇
Notice that


→  1/2
→  1/2
−
−
→  −
→  −
2 − b2 · ∇ b2 · ∇
=  1 − −2 b2 · ∇ b2 · ∇
.



The argument ends observing that

→  1/2
−
→  −
 1 − −2 b2 · ∇ b2 · ∇
=  + zero order.

(37)

However, the identity (37) is false if the laplacian is changed by an operator of the
type x1 − x2 and therefore this trick does not work in that situation. Although we
−
→
have oversimplified the problem considering b2 ∈ Cn as a constant vector, the above
−
→
computations can also be carried out without major difficulty for b2 (x) regular and
bounded to the expense of creating zero order terms which as usual are harmless;
see [20].
Another important difference of the elliptic setting is that perturbations of the type
u are also allowed. The way of seeing this is by a diagonalization argument similar
to the one we have just done. Consider a > 0 and b ∈ C and the equation
ut = iau + ibu.
Then differentiating with respect to t on both sides we get
utt = (−a 2 + |b|2 )2 u
which is well posed as long as
a 2 > |b|2 .
This elemental algebra is much more rigid in the non-elliptic setting and works only
for some trivial cases; see [23].
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9. Remarks on ultrahyperbolic operators
In this final section we gather some information and open questions about linear and
non-linear perturbations of the free propagator
eitL0

with L0 = x1 − x2 .

(38)

As we saw in Section 6 one of the fundamental properties of this flow is the local
smoothing effect. In fact (32) was a key ingredient to overcome the loss of derivatives
obstruction which was explained in Section 2. In order to use (32) one is lead to study
the following maximal function
sup |eitL0 u0 |2 ,

(39)

t

which is defined for all x ∈ Rn .
In our study of (1) we did not look at the question of which is the minimal regularity
to be assumed on the initial condition so that the equation is solvable. This is something
which strongly depends on the specific equation one is looking at. Therefore, and
for our purposes, the necessary bounds for (39) are rather simple to obtain and there
is no difference between the elliptic and the non-elliptic situation at that level. The
situation is completely different when looking at a specific model as for example the
Schrödinger map I mentioned in Section 3. In that case having sharp bounds for the
maximal function can be very useful.
It has been recently proved in [30] that the maximal function given in (39) has a
different behaviour for L0 than for the laplacian, being worse in the former case. Also
and with respect to the local smoothing it is known that L0 is much more sensitive to
first order perturbations than the laplacian. In [20] it is proved that the 21 derivative
gain of classical Schrödinger flows I mentioned in Section 6 can be reduced to just 41
for L0 .
Regarding non-linear perturbations very little is known about ill-posedness results.
In fact and to the best of my knowledge the only one obtained in that direction is about
the semilinear equation
⎧
⎨ 1 ∂ u =  u −  u ± |u|p u
t
x1
x2
(40)
i
⎩u(x, 0) = u ,
0

and is given in [18] with u0 = cδ. There it is proved that (40) is ill-posed if p ≥ n2
(the proof is done for  but it works the same for L0 ).
The question of well-posedness of (40) is related to the existence of Strichartz
estimates for the free propagator eitL0 u0 with u0 ∈ L2 . In that case it is well known
that there is no difference between a general L0 and the laplacian. This type of
estimates are very relevant in Harmonic Analysis in order to understand the restriction
properties of the Fourier transform to curved surfaces. From that point of view it is
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very natural to assume initial conditions u0 such that its Fourier transform û0 is in Lp .
A lot of progress has been done when L0 =  but as far as I know there are no results
for general L0 for p > 2; see [33], [34], and [25].
Finally let us recall the pseudo-differential operators mentioned in Section 5. As
I already said the calculus we develop in [22] and [23] is quite rudimentary, and I
think there are many interesting properties to be understood. For example, we do not
know if the inequality proved in Proposition 5.1 can be extended to Lp for p = 2.
Another limitation of our approach is that we can construct the integrating factor only
for hamiltonians which are free outside of a compact set. It should be enough to
assume only that the hamiltonian satisfies hypothesis H2.
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